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THE FLOW OF A COMPRESSIBLE FLUID PAST A CIRCULAR ARC PROFILE 

By Cabi. Kaplan 



SUMMARY 

The Ackeret iteration process is vUlized to obtain higher av- 
proximatiom than that of Prandtl and Olauertfor the flow of a 
compressible fluid past a circular arc profile. The procedure 
is to expaTid ilie velocity potential in a power series of me camber 
coefficient The first two terms of the devdopmertt correspond to 
the PrandU-Qlauert approximation and yielA the well-known 
correction to the cvrcviation about the profile. The second ap- 
proximation, involving the square of the camber coefficient, inir- 
proves the velocity and pressure fields but yields tm) new results 
with regard to the circulation, since the circulatiov about the 
profile is an odd function of the camber coefficient. The third 
approidmation, involving the cube of the camber coefficient, per- 
mits the use of higher values of the camber coefficient and further- 
more yields an improvement to ihe Prandu-Glauert rule with 
regard to the ejffeci of compressibUUy on the drcvlaiion of the 
circular arc profile. Numerical examples with tables and 
graphs illustrate the results of the analysis. 

INTRODUCTION 

The calculation of the two-dimensional steady flow of a 
compressible fluid past a prescribed body can be performed 
by a method independently discovered by Janzen (reference 
1) and by Rayleigh (reference 2), which consists in developing 
the velocity potential or the stream function according to 
powers of the stream Mach niunber. The first approxima- 
tion is the incompressible case and the succeeding approxi- 
mations represent the effect of compressibihty. The method 
has in recent years been successively improved by Po^ 
(reference 3), by Imai and Aihara (reference 4), and by the 
present author (reference 6). Although the method can be 
applied to an arbitrary profile, it suffers from the practical 
restriction to small stream Mach nimibers, because approxi- 
mations beyond the second or third entail a prohibitive 
amount of labor. 

For the flow past a profile of small thickness, camber, and 
angle of attack, Prandtl (reference 6), Glauert (reference 7), 
and Ackeret (reference 8) obtained by various means an 
approximation that apphes to the entire subsonic range of 
velocity. The present author (reference 9) extended the 
method of Ackeret by an iteration process that takes into 
accoimt the effect of thickness and applied the method to a 
particular family of symmetrical profiles. In the present 
paper, the effect of camber is investigated by a similar ap- 
plication of the method of reference 9 to a circular arc 
profile. In the appUcation of the method, it is desirable to 
avoid stagnation points so that the variation of the local 
velocity from that of the undisturbed stream can be made 
small. For this reason the direction of the undisturbed 
stream is chosen parallel to the chord of the circular arc 
(ideal angle of attack) and the circulation about the profile 



is determined in accordance with the Kutta condition; 
namely, that the flow past the profile leave the trailing edge 
tangentiaUy. The flow is s5Tnmetrical fore and aft and the 
velocity remains finite at aU points. The circulation in a 
compressible flow wiU be seen to be an odd function of the 
camber coeflBcient. In order, then, to obtain an improve- 
ment of the Prandtl-Glauert rule, it is necessary to carry 
the iteration process through three approximations. 

THE ITERATION PROCESS 

The velocity potential <f> (X, Y) of the two-dimensional, 
steady, irrotational flow of a compressible fluid satisfies the 
following differential equation of the second order: 

(^_,«) ^_2«. ^^ic'-iF) 1^=0 (1) 

where 

X, Y rectangular Cartesian coordinates in plane of flow 

u=^^ v=^y fluid velocity components along X- and 
OA ox Y-axea, respectively 

c local velocity of sound 

The local velocity of sound c is expressed in terms of the 
fluid velocity g by means of Bernoulli's equation 



f 

Jv 



hi p 2 

the equation defining the velocity of sound 



(2) 



(3) 



dp 

and the adiabatic relation between the pressure and the 
density 

In equations (2), (3), and (4), 
p static pressiu-e in fluid 

Pi static pressm-e in undistiu:bed stream at infinity 
p density of fluid 

Pi density of undistiu^bed stream at infinity 
2 magnitude of velocity of fluid 
y adiabatic index (approx. 1.4 for air) 
For the adiabatic case, equation (3) jdelds 



c'=y^ 
P 



(5) 



By means of equations (4) and (5) BemoulU's equation, 
equation (2), yields the following relation.s: 
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p=p, [l-^ (^-l)}"^ (6) 
where 

V velocity of undisturbed stream at infinity 

Ci velocity of sound in undisturbed stream at infinity 

Ml Mach nimiber of undisturbed stream at infinity 

Now, if the profile is held fixed in the imiform stream of 
velocity TJ and if a characteristic length a is assumed to be 
the unit of length and the stream velocity TJ is assumed to be 
the unit of velocity, the fundamental differential equation (1) 
and the first of equations (6) become 



^4> , /c? 



MV)|^=0 (7) 



and 



T-1 



iW(ff^-l) 



(8) 



where X, Y, u, v, q^, and <t> now denote, respectively, the 
nondimensional quantities Xjs, Tjs, u/U, vjU, ^U, and ^/Z7s. 

The iteration process consists in developing the velocity 
potential ^ in powers of a parameter h, the camber of the 
circular arc profile. Thus 

^=—X—h4>\—h*^—h?^— ' • • (9) 

and 



bY~^ 



(10) 



When these expressions for <j>, u, and v, together ■with the 
expression for c*/ci* given by equation (8), are introduced 
into the fundamental differential equation (7) and when 
the coefficients of the various powers of h are equated to 
zero, the following differential equations for ^i, . . . 

result: 



(1-M,») 1^ 



(11) 



(12) 



i>7 i>X &F" 



bTdXbY'^bTbXbYjl ^^^^ 



These differential equations may be put into more fanuliar 
forms by the introduction of a new set of independent vari- 
ables X and y, where 

x^X 



and 



(14) 



For il/i<l, equation (11) then becomes a Laplace equation 
and equations (12) and (13) become Poisson equations. 
Equation (11) replaces the fimdamental differential equation 
(7) for flows that differ only slightly from the undisturbed 
stream, and its solution yields the weU-known Prandtl- 
Glauert result. The solutions of equations (12) and (13) 
provide successive improvements in the approximation to 
the solution of a compressible-flow problem. 

For the present problem, the procedure to be followed in 
solving equations (11) to (13) is first to obtain the velocity 
potential for the incompressible case in the form of a power 
series in the camber coefficient h, of the circular arc proffle. 
The solution for the first approximation of the compressible 
flow is then obtained by analogy from the form of the coeffi- 
cient of h of the incompressible velocity potential. The solu- 
tions of equations (12) and (13) for the second and third 
approximations and <^ follow by a straight-forward pro- 
cedure. The boxmdary conditions — ^that the flow be tangen- 
tial to the profile and that the distiu-bance to the main stream 



vanish at infinity — are satisfied to the same power of the 
camber coefficient h that is involved in the approximation 
for the velocity potential i>. The calculations are laborious 
when more than two steps in the iteration process are in- 
volved but the third step is necessary to obtain results that 
extend present-day knowledge. Most of the details of cal- 
culation are given in appendixes in order not to obscure the 
presentation of the main results. 

RESULTS OF THE ANALYSIS 

Expression for the velocity potential. — The choice of the 
circular arc as the sohd boundary was made for two reasons: 
(1) The solution of the incompressible flow can be easily ex- 
pressed in a closed form, and (2) when the circular arc is 
fixed in a uniform stream flowing in a direction parallel to 
the chord and when the Kutta condition — that the flow leave 
the traUing edge tangentiaUy — is applied, the velocities at 
the nose and the tail are finite and different from zero. No 
stagnation points occiur, therefore, on the boundary or in the 
field of flow and a greater degree of accuracy in the iteration 
process is assured. Appendix A contains the calciilation of 
the incompressible flow past the circular arc proflle and ap- 
pendixes B, O, and D contain the detailed calculations for 
^1, and 4>t, respectively. The final expression for the 
velocity potential ^ takes the following form: 



<^= —cosh 5 cos n—h<tn—h'4ti—h?4>i— . 



(15) 
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where, from equation (B9), 

from equation (Cl3), 
^= (2Z?[(7+ l)Z?4-4]{e-«+2Z>e-'f 
+2{3-D+D[(y+l)D+4:]}e-() cos 17 

-Qiy+l)m-(+^{ l2 + 12D-D[(y+l)D+^}e-'i) cos 3, 

and from equation (DI8), 
<^=<?i({) sin2)j+G'jtt) sin4i7 

+ '^(^) G cosh$-L2. --"^ ^ sin 4,) 

-[2ff,(0)+46',(0)h 
In these equations 



7?= 



1-/5 
/3* 



fiiCf), and functions of ^ given by equations 
(D12), (D13), and (Dig), respectively 
»j elliptic coordinates related to rectangular Cartesian 
coordinates X, T by equations of transformation: 

a!=X=cosh { cos ij 

y=/3F=sinh $ sin 1; 

The circulation correction formula. — Equation (15) rep- 
resents the solution of the fundamental differential equa- 
tion (1) that satisfies, the boundary conditions at the surface of 
the circular arc profile and at infinity insofar as the terms 
inclusive of the third power of the camber coefficient A are 
concerned. Each of the expressions 4>u 4>2, and 4>3 are ob- 
tained in closed form and are finite for all values of the 
stream Mach number Mi from zero up to but not including 
unity. The Hutta condition, which determines the circu- 
lation uniquely by stipulating a finite velocity at the sharp 



YY" 




trailing edge of the circular arc, yields the following circula- 
tion correction formula (see equation (D36)): 



^+|(r+l)^^-^'(84-5^ 



+^(t+1)»^^-^'(31+/3»)]a» (16) 

where and axe, respectively, the circulations in the 
compressible and incompressible flows. The incompressible 
circulation T, is proportional to the first power of h so that 
the compressible circulation is an odd function of h. The 
second approximation of Tc is therefore identical with the 
first approximation and no departure from the Prandtl- 
Glauert rule is obtained until the third power of A is included. 
This result explains why the simple Prandtl-Glauert rule 
for the effect of compressibihty on the circulation or lift of 
an airfoil has been very satisfactory. 

For comparison, a formula analogous to equation (16) 
has been obtained by applying the von Kdrmdn-Tsien ve- 
locity correction formula to the circular arc profile. From 
reference 10 

where 

2c velocity of compressible fluid 
2< velocity of incompressible fluid 



^~[i+(i-W)''J 



By an elementary integration around the circle, correspond- 
ing conformally to the circular arc, the following relation 
is then obtained: 



1-M 

"4^1/* gi£5 



[1 



l—fim 00325 

-2m''*(H-sui» 5)-|-m cos*5]»'* 
I+m"" cos* 5 



(17) 



[l+2M''*(l+sm» 5)+/i cos* SY'^ 
where the angle 5 (see fig. 1) is related to the camber co- 



efficient h by means of the equation 




tan S=2A 




f 




C 






-Sa,0 \ 









FioVBE 1.— Mapping of droolar arc Into circle. 
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Table I gives values of the ratio TjTt for various values of 
the stream Mach Bumber and the camber coeflScient h, 
calculated by means of equations (16) and (17). Figure 2 
sho^vs the graphs of FJT{ as functions of Mi for various 
values of h. The cwves based on the von Kdrm£n-Tsien 
velocity correction formula Ue between the Prandtl-Glauert 



curve and the cTUT^es based on the present analysis. Figure 
3 shows the graphs of re/r< as functions of h for various 
values of Mi. 

The velocity correction formtila. — ^The magnitude of the 
velocity of the fluid at the surface of the circular arc is given 
by (see equation (D38)): 



3=l+f sin ^+A*[-2-|-(r-l) +4 [|+(t-1) Q^J] ^\ 

+^=■{4 [-|+G'i(0)+2Gi(0)] sin ,y+8 [-|+2/3(2D+3) + es(0)] sin 3.?]+ . . . (18) 
where cos t?=a; and O^t^^ir for the upper side of the ai-c, —t^^^O for the lower side of the arc, and 

Gi(0)=-|+ 12/3+1 Z)(|+ 10/3)+^ pD'+^D'iy+l) (|+19^+17/3Z>)+ -^^D'(7+1)*(48+47I?) 

Om |-3|3-2Z? Q+p^-^iyiy+l) Q+2p+30D)-l ffD>(y+iy(^i+D) 

If 2e and gi denote, respectively, the magnitude of the velocity at the surface of the profile in the compressible and the in- 
compressible cases, the velocity correction formula is 



25=- 



gi 1+4A sm ^— 4A* cos 2^—8h^ sin t> 
where g is obtained from equation (18). At the leading or trailing edge, i?=0 or t?=;r, 



(10) 



(20) 

qt 1— 4A* 



At the position of maximum velocity, ^=2' 



^ l+j+h' -8 + 3 (j,+ iy+3y(~,-iy~j+m-2P{W+5) + 6,m (21) 
ii" 1+4A+4A*— 8A» 

At the position of minimum velocity, 

^_l-^+h'[-8+d (^+lJ+37(^-iy ]-4A'[-2i3(4l>+5) + G,(0)] ^22) 

ar 1-4A+4A*+8A» 
Tables 11 to IV give values of the ratio ge/g, based on equations (20) to (22), respectively, for the first, second, and third 
approximations. Figure 4 shows the graphs of (^^ ) —1 as fimctions of Mi for the three approximations for various values 

\9.'/ wax 

of the camber coefficient h. 

The critical velocity go, defined as the value for which the velocity of the fluid equals the local velocity of sound, is 
obt-ained from the first of equations (6) by putting g=c=ga- Thus 



gcr= 



(23) 



The values of go- are given in table V in the colunm for which the local Mach niunber is unity. The ratio q„/ii is easily 

calculated for the various approximations. The graphs of only the third approximation of included in figure 4. 

Table VI lists the first, second, and third approximate values of the critical stream Mach number Mi„, and figure 5 shows 
the corresponding graphs as functions of the camber coefficient k. 

The graphs of the third approximation of the maximum and minimmn values of g„ obtained from tables III and IV, 
are shown in figure 6 as functions of the stream Mach number Mi. The constant local Mach number lines shown in 
figure 6 are obtained from equation (8) by introducing the local Mach number M in place of the local velocity of sound 0. 
Thus 
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Note that equation (24) becomes equation (23). whenil/=l. 
Table V contains values of g for various values of M and Mi. 

A comparison of the results of reference 9 on the compressi- 
bility effect of thickness and the results of the present paper 
on the compressibility effect of camber is of interest. For 
this purpose, a symmetrical shape of reference 9 was com- 
pared with a circular arc profile with the same incompressible 
maximum speed at the surface. Results of this comparison 
for several corresponding thickness and camber coefficients 
are given in table VJLl. The dashed curves in figure 6 are 
associated with the various symmetrical shapes. For 
moderate values of camber and thickness the difference may 



be seen to be neghgible over the entire subsonic range. This 
observation indicates that, at least to a very good approxi- 
mation, the effect of compressibility in the subsonic range can 
be considered to depend explicitly only on the incompressible 
fluid velocity and the stream Mach munber and to be 
independent of the shape of the profile. This result there- 
fore substantiates the use of velocity correction formulas 
such as the Prandtl-Glauert, the von Kfirmdn-Tsien, the 
Temple-Tarwood, and the Garrick-Kaplan (reference 11) 
formulas, which depend only on the incompressible fluid 
velocity and on the stream Mach number. 




.6 3 ID O .a .4 £ .8 1.0 O .2 .4 .6 

FianBE 2.— Hatio of drculations Ibr compressible and Incompiosslblo cases as a fUnotlon of stream Maob number. 
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In general, the velocity g at the surface of the circular 
arc profile may be written as foIIowB: 

q=l-\-aih sin d^+h^iOi+Oa cos 2^) 
+A»(a4sinty+ajsia3t?)+ . . . (25) 
where, from equation (18), 
4 

as=-2+|+(7-l)(^J 
a,= -|-2(T-l)(i^9' 
a,=4[-|+6'i(0)+2ft(0)] 

05=8 [-|+2/3(2Z?+3) + 6^3(0)] 

Values of Oi, Oj, Oj, 04, and for various values of the stream 
Mach nimiber Mi are given in table VJJUL. As an example 
of the behavior of the velocity distribution over a circular 
arc profile as the stream Mach number is varied, the case of 
A=0.05 with Jlfi=0.3, 0.5, and 0.7 is calculated and com- 
pared with the incompressible case. The calculated values 
of the velocity at the upper and lower surfaces of the circular 
arc profile, A =0.05, for the various values of Mi are given 
in table IX and the corresponding velocity-distribution 
curves are shown in figure 7. 
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FiQiTBE 8.— Pressure coefflolent Ci.jf, against stream Maob number Mi for various values of fluid velocity j. 

r-y-1 , 1 



The pressure coefflcient. — In the case of a uniform flow 
past a fixed boundary, the pressure coefficient is defined as 



From the third of equations (6) it follows easily that 



Gf, if, = 



-i+[i+|(-r-W(l-2*)]^ 



(26) 



For the incompressible case, Mi=0, 

0=1-3* 

For the sonic case, q_=qja. 



2 + (7-W 
7+1 




For the limiting case of absolute vacuum, M= 00 and 



2= 



T-1 
2 



Table X gives associated values of the velocity and the 
pressure coefficient (7,^, for various values of the stream 
Mach number Mi, and figure 8 shows the corresponding 
graphs. By means of table X and figure 8, the velocity 
readings from figures 6 and 7 can be replaced by the corre- 
sponding pressure coefficients. 

Langlby Memorial Abronatttical Laboratory, 
National Advisory Committeb for Aeronautics, 
Langlet Field. Va., July 15, 1944- 



APPENDIX A 



DETERMINATION OF THE COMPLEX POTENTIAL FUNCTION W 



THE mCOMPRESSIBLE FLOW PAST A CntCDLAB ABC PBOFILB 

Consider the mapping of a circle C in the Z'-pIane into a 
circular arc Q in the Z-plane. (See fig. 1.) If the center is at 
(0,w) on the T'-axis and the circle passes through the 
points (ff,0) and (— ff,0) on the X'-asds, then the Joukowski 
transformation 



(Al) 



maps the cii'cle O' in the Z'-plane into a circular arc O in the 
Z-plane. The equation of the dircidar arc is 

The parts of the circle G' lying above and below the X'-sads 
correspond, respectively, to the upper and lower surfaces of 
the circular arc 0. The end points A and B of the circular 
arc are the points 

X=±2a 

and the maximum ordinate is 

Y=2a tan 5 
=2m 

The camber coefficient h is defined as the ratio of the maxi- 
mum ordinate to the chord, or 



2m 
4a 



=2 ^ 



(A3) 



The complex potential of the flow past a circular cyHnder 
of raditis R fixed in a uniform flow of velocity U at zero angle 
of attack and with a circulation r is given by 



where 



«;=-C7(z''+^-glogf (A4) 



Z'=Z' 



-ia tan S 



For the purpose of the present paper the circulation P must 

bo so chosen that the stagnation points on the circle C lie 
at the points X'=±a corresponding to the leading and trail- 
ing edges of the circular arc O; that is, 



T=8irUah 

=4:wUB sin 5 



(A5) 



With this value of the circulation inserted in equation (A4) 
and with Z" replaced by Re**, the complex velocily at the 
surface of the circular arc G becomes 



dw 
3Z" 



sm e+sin 5 . . , 

l-2ie" sin 5-e*« ^* ^ ^' 



The magnitude of the velocity is 

.1/3 



= Z7(l+2 sin « sin 5-1-sin* 8) 



(A6) 



It is recalled that the upper surface of the circular arc is 
traversed in a clockwise sense as 6 goes from — 5 to ^-1-5 
and the lower surface, as d goes from — (a— 5) to —5. The 
velocity at the nose or tail is then given by 

q.nou=gu,il= U C0S*3 

The ma^dmum and minimuili velocities occur at 6=1; and 



(A7) 



at fl= — 2' respectively, and are given by 

EQUATION OF CntCtlLAB ABC AS POWEB SEBIES UiZh 

The equation of the circular arc, obtained from equation (A2) 
for the entire circle, is 



Y=2m—r+ (r*— JP)"'* 



(A8) 



where r= — ^— is the radius of the circle. Expansion of the 



m 



radical in equation (A8) accorifing to powers of X/r yields 

(A9) 



16 r«' 



By use of 



a 
r ' 



2h 



=2h-8N^+32h^- . . . 
Then equation (A9) becomes 



(AlO) 



X X Y 

Now, put cos i> and replace and X and F, re- 

spectively. Equation (AlO) then becomes 

Y==2hws?&+2¥sin^2^-\-8h^wo?2^cos2^+ . . . (All) 

and 



dY 



=—4:h COS I?— 16A' cos t> cos 2i? 

cos (1 +3 cos 4i?)— . 



(A12> 



303 
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EQUATION OF lo AS A FOWES SERIES IN h 

Consider equation (A4) with T=8vUah andif'=aXl+4A*). 
Then 



Z" 



= - u(z"+a' ^fj^-4:iUah log ^ 



(A13) 



Now 



Z"=Z'—ia tan 5 
=Z'—2iah 



Then by expanding the right-hand side of equation (A 13) 

according to powers of h and replacing Z' by ^ — 

obtained from the Joukowski transformation (Al), it follows 
that 



w= — UZ+2iaUh\l 



[Z-{Z'-4:a^"^Y 
4a* 



_2,<„Z+(Z^)+... 



If w/2aU and Z/2a are written, respectively, v) and Z, then 

w= -Z+ih { 1 - [Z- (2*- ' 

-2log[Z+(Z^-l)»'»]}+ . . . (A14) 

From equation (Al4) for w and a corresponding equation for 
the complex conjugate w, the nondimensionnl velocity poten- 
tial becomes 



<t, X+f j-[Z-(Z*-l)'/«]» 



z+jZ'-iy^ 



+ [Z-(Z»-l)"n*-2log|-^ 



+ 



(A15) 



APPENEIX B 

DETERMINATION OF THE FIRST APPROXIMATION <f>i 



By means of transformation (14), equation (11) for 
becomes 



(Bl) 



A comparison of the expressions for 4> given by equations (9) 
and (A15) suggests the assumption 



.ln=k { [3- 1)»«] [5- (?- m * 
+2l°gi+(F-l)i/»l 



(B2) 



where 2=a;+i2/, 'z=x—iy, and A is an arbitrary constant. 
Since this expression for is the sum of a function of z only 
and a function of z only, it satisfies Laplace's equation (Bl). 
The arbitrary constant A is to be determined from the 
boundary condition 



or 



iadx 5y 



(B3) 



The expression for 0, insofar as the first power in A is con- 
cerned, is 

<l>=—x—h<i>i 

and, to the first power in h, from equation (A12), 

4|3A cos # 

The boimdary condition, equation (B3), then becomes 
4/3Acos.>=-/3%^ 



=2tHj8= 



{2=-l)"* 



-1 , [--(-'- i)'/^»-i 



(34) 



By definition a;=co3 t>, and from equation (All), to the firat 
power in h, y=2ph sin* tf. Hence, to the first power in h, 

g=cos &+2ifih sin* 0 

z=cos &—2iph sin" t> 

2r=co3= t?+4i/3/t sin" i? cos t? 

F=co3" i9—4:iph sin" i? cos t? 

(22_l)i/s=i sin t?(l-2i/3A. cos t?) 

(P~l)i/«=-i sin ^(l-|-2t|8A cos t?) 



Then 



4/3A cos t?=— 21^/5* 

= -4titA./3" 



{ sin t7 

sin 2t> 



or 



sin t? 
=—8ikhfi* cos t> 



* 2/3 



The expression for the first approximation of <^ is then 

This expression for <!> can be simplified considerably by 
introducing eUiptic coordinates { and ij. Thus, lot 



(B5) 



where 
Then 



2=cosh f 



(B6) 



a;+i2/=co8h (f+iij) 

=cosh ^ cos ij+i finh £ sin ij 



THE FLOW OF A COMPRESSEBIiB FLUID PAST A COICULAR ABO VB.OVILB 



395 



SO that 

j:=co3li f cos v\ 
y=miih. ( sin i}| 
Equation (B5) can then be vrritten 



(B7) 



0=-^(cosh f+cosh f)-^(e--»-e-'F+2 log cf-f) (B8) 



or 



coah f cos fl— jg (e~*f sin 2ij— 2i;) 



(B9) 



From a comparison of equations (Al5) and (B6) note 
that, if Tt and denote the circulation in tiie incompressible 
case and the compressible case, then 



■(1-Mi»)"* 



(BIO) 



Equation (BIO) is the well-known Prandtl-Glauert rule 
connecting the circulations (or hfts) in the incompressible 
and compressible cases. 

In order to utilize equation (B9) for the calculations, the 
equations of transformation (B7) must be inverted. Thus, 



cosh^'^anh^'^-^ 



5 • « 1 

cos*i; sm*ij 



(BID 



From equations (Bll), 



2 sinh^{=-6+(6^+42/')'/^ 
2sin»ij=6+(6^-l-4y»)"' 



(B12) 



where 



By means ofjtransformation (14), 

2 sinh*f=-6-l- (6»+4/3«r=)»'« 
2sin«r,=6+(6*-|-4/3*]P)''* 

where 

6=l-(Z»-|-j3*7») 



In terms of the complex variables f and i", the velocity 
components in the direction of the coordinate axes are 



u 



bX sinh f df~'~s5ELE^df 



(B13) 



(B14) 



Let ^ be given by equation (B8) ; then, 

tt=— 1 — * sm ij 
P 

o=4Ae~* cos 17 
Now, to the first power in h, at the boundary, 

Hence, if 2< and 2< denote the magnitudes of the velocity at 
the surface of the circular arc profile for the compressible 
and the incompressible cases, respectively, then 



2e=l+y sm & 

2i=l+4A sin d- ^ 
or, when A sin t7 is eliminated. 



(B15) 



where 



2* /3 Vg* 



/3=(l-Mi*)''* 



(B16) 



Equation (Bl6) represents the velocity correction formula 
for the Prandtl-Glauert approximation. Equations (Bl5) 
can also be written as follows: 



2,-1 ^ 



(B17) 



Since the Prandtl-Glauert approximation is strictly true for 
infinitesLmal disturbances to- the uniform streain, equation 
(BIT) may be replaced by the differential coefficient (from 
reference 11) 



(B18) 



APPENDIX C 

DETERMINATION OP THE SECOND APPROXIMATION 4,j 
By means of transformation (14), the sTTinbolic relations, 

bx da d¥ 

5' _ y ■ „ y ,5^ 



dy»~ dz'"'"'' dzba dP 



bxby 



(CI) 



and the equation of transformation (B6), z=cosh f, or z=cosh f , differential equation (12) for ^ can be expressed in terras 
of the complex variables f and J as follows: 



4 I rrv4-lWf-v-nfl*l /"-J— M4._J_ 1 ^_coshf ^ , _1_ 5'<^i coshf d.^, 

sinh f sinh ? br b? 1 l^tt^^-' ^^p^J V,sinh f bf ^sinh f bf >/ Vsinh^f bf* sinh'f bf "*'sinh«f "^"aaif "bf . 

_ofl2 / 1 M L_ ^\ f_J_ b*<^i coah r b^i 1 bV, cosh f b^A 1 

'^'^Vsinhf ,bf sinhf bf y Vsinh'r bf* sinh'f bf anhfbF"*" bf ^ J 

When the expression for <t>i obtained from equation (B8), 



) 

(C2) 



is introduced into the right-hand side of equation (C2), the following differential equation for results: 

b*As 1—0^ ' . _ » . . 

^p-gj.=-^{[(T+l)-(r-l)i8*](c-f-6-0(e-f sinh f-e-f sinhf)-8/3»(e-r-e-0(c-f sinhf+e-f sinhf)} 

Finally, by putting f =f and f ={— 

^+^=^^^^^~^^'>'+^^~('>'-3^'^^~*+^'^«~'*} i?+(-y+l)(l-/S^e-« cos 3i?) 



(C3) 



The right-hand side of equation (C3) suggests a solution of 
the form 



<h=F^(.i) cos ij+i?',(f) cos 3i7 



(C4) 



By substituting this expression for ^ into equation (C3) and 
by equating the coefficients of cos ij and cos Si; to zero, the 
following differential equations for Fii^) and i^sCf) are 
obtained: 

■^-f',-4l=^^{-[(7+l)-(7-3)^1e-<+4^'«->l) (C6) 



The solutions of these equations are 



(C6) 



^,=2^-^ { [(Y-l- 1) - {y-Z) /3»]fe-«+i5*e-='«+^.c-« } (C7) 
306 



Fz 1 (t+ 1) (y^ie-i+A^e-^) (C8) 

where and At are arbitrary constants to be determined by 
the boundary condition at the surface of the profile. The 
other two arbitrary constants are taken equal to zero since 
Fi and F3 must vanish at infinity. 

In terms of the variables $ and ij, the boundary condi- 
tion (B3) takes the form 

(sinh f cos , ^-cosh { sin g= 

(cosh { sin ij ||+sinh f cos v ^) (C9) 
where the velocity potential 4> has the form 
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<t>= — cosh f cos V~-^ («~** sin. 2ij— 217) 
—h\Fi cos v+ F3 cos Zv+'^iV) 



(GIO) 



and where is an arbitrary circulation to be determined by 
the Kutta condition at the trailing edge of the circular axe 
profile. 

In order to make use of the boundary equation (C9), the 
various fimotions of { and r) appearing in equation (ClO) 
must be expressed as functions of evaluated at the bound- 
ary. From equations (All), and (Al2), the boundary and its 
slope are now given by 

y=2^h sin^ t^+S/SA' sin* & co^ ^+ . . . 

2!=— 4j8A.cost>— . . . 

At the boundaiy then, with a;=cos t^.when powers of h above 
the second are neglected, 

=sin= t?-4/3%* sin^ 
Then, from equations (B12) 

sin* i/=sin* *(l+4/3%» cos" 
cos* 17=003* tf(l— 4j8*A* sin* i>) 
sin i;=sin *(l+2/3*A* cos* &) 
cos i7=cos iy(l— 2/3*A* sin* &) 
sinh* f =4/3*A* sin* d- 
cosh* f =1+4/3%* sin* t> 
sioh ^=2ph sin 
cosh {=l+2/3*A* sin* t? 



e-f=l— 2/3A sin t>+2/3*A* sin* * 
|=2/3A sin 

When these expressions, with equations (07), (08), and 
(ClO), are utilized in the boimdary equation (09), the 
following results axe obtained: 



7+1 /l- 
' 2 V /S* 



*. _ 22+/S* 



(Oil) 



The value of the axbitraxy constant Tj is determined in the 
following way. The magnitude of the velocity, when terms 
contajning powers of h higher than the second are neglected, 
is given by 

or, ia the variables | and 17, 

g=l + »^.V, J-nr.. (sinll f COS r, ^-COSh ^ siu 1? 



cosh 2f — COS 2i7 

2A.* 



cosh 2f — COS 2i7 



2^ 



^Rinh ? cos 7} cosh 5 sin 17 
p^cosh f sin 17 ^+sinh i cos 



^(cosh 2f-cos 2,)*V"""" '' d{ 
From equations (B9) and (ClO), 



(012) 



and 



<^i=^ (e-*« sin 2,7-27) 



(C13) 



<l>a=Fi COS 17+^*8 cos 3i7+rsi7 

where Fi and F3 are obtained from equations (07), (08), and 
(Oil). At the boundary, equation (012) becomes 



q=l+-p sm 



+ ... 



(014) 



The Kutta condition at the fxailing edge ^=ir requires that the velocity be finite; therefore, r2 must be zero and the 
compressibility effect on the circulation (or lift) is again given by the Prandtl-Glauert rule. 

If 2e and 2* denote the magnitudes of the velocity at the boimdary in the compressible and incompressible cases, 
respectively, the velocity correction formula is 



2!!= 

2< 



..4h . 



W| -2-|-(7-l) (l^y+4[j+(^-l) (^^J] sin * 
l+4Asiaiy— 4A*cos 2i> 



(015) 



where 0 ^ ^ ir for the upper side of the circular arc and 
— fl-^t^^O for the lower side of the drcular arc. 
Then, for the leading or trailing edge, &=0 ot6=v, 



2?= 



L-/>-[(i+l)'+.(^-l)'] 



1-4A* 



(016) 



For the position of maximum velocity, i}=-x> 



Si 
2* 



l+f+A*[-8+3(^+l)+3>.(j-iy] 
(1+2A)* 



For the position of minimum velocity, «?= — 

' ■-^-[-8+3(^+l)+3^(^-lJ] (CIS) 



2< 



(1-2A)* 



APPENDED 

DETEKMINATION OF THE THIED APPROXIMATION 0, 

The differential equation.' (13) for <^ can be expressed in terms of 2 and z by means of transformation (14) and the 
symbolic relations (Cl). Thus 

k[(7+ 1) (1 - +4/3»](.^+*ih) (*!,*+*.,*) + (t+1) (1 -^) («i»+«ih)«i.*jt 



+ [(T+l)(l-iS*)+2|8*][(0i„+*iH) (*Jx+*2l) + (*l.+ *ll) («2„+^)] 
+2[(y+1) (l+|3*)-2/3*l(*u+^)«^ 

— 2j5*[(*i/— 011*) (<^«— «ih) + (*»!—*») (*i»— + (*i»— (^— 



(Dl) 



where, for example, 



The expression for <f>i, obtained from equation (B5), is now 

P2) 

Introduce new complex variables X and X, where 



in 



\=z+{;^-iy'^ i=2-(s»-l) 



X=2+(?-l)i« l=2_(?_iy/2 



(D3) 



The relations between the complex variables X and X and the 
complex variables f and f, respectively, are 



(D4) 



Then 



Similarly, the expression for <i^, obtained from equations 
(C4), (C7), (C8), and (Oil), is 



(D6) 



where 



and 



From equations (D5) and (D6) with the use of equation 
(3)3), the following relations are obtained: 



. _2.1 

^~ X 



P'«~i|3X»-l 



^, =4(Z?-^:)(i^^-^ log xx)-2i? 



1) 



1 \3 2X* 1 

-RCn Ws[ 2X' , 2X^(X+X) X(X-X) 1 



X(X^-l)' X(X»-1)' 

x^ 

(x^-i)' 



^''-3X^X='+X^ ^ 2X^-1 
X*(X«-1)» +2^^X(X^-1)' 

Vxx~V (x«-i)(x*-i) *^xx(x*-i)(x»-i) 

and expressions for the corresponding conjugate complex 
quantities. 

When the foregoing expressions are introduced into 
equation (Dl), and when equations (04) are used to express 
the various quantities in terms of the variables $ and ij, the 
following differential equation for <^ is obtained; 
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+[-(?i(e^+e-=«-2e-^)+(7,(«^+c-'f+2e-«)]sf:e-*"f sin 27i, 

+[20,(e*«-l+e-*f+fi-^)-2a(c*f+l-«-*f-e-^)]f^7ic-=^« sin 2w, 

+[-A(e^-2-4e-'«+6e-^+3e-«f-4«-«f)+A(4e^*-7c^+2+6e-^f-9e-«f+4e-»«) 

+ +2-4e-^-6«-*«+3c-««-4e-'^) -Z?,(4<s«-3«««-24-2<!-^+3e-««-4e-«)]Zle-*"« sin 2n, 

+ L-2A(e'«-l-2e-^+2e-^+e-'^-e-'^)-2P2(2c^-6<^+3+2e-^-4e-^+3e-««~e-'^ 

+2l>,(<!*e+l-2e-*f-2c-^+e-«f+c-««)+2l>4(2e*f-c»«-3+2e-*«-e-««+c-8«)]S7ie-=^f sin 2711, 

n-3 
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(1)7) 



■where 

Ai^ = - 96/3Z?-8/5Z)»(t+ 1) (5Z>+9) -2/3Z»3(r + l)'(7l>+8) 
=80/3l>(Z?+l)+8/3l>'(7+l)(6Z)+l)+/3lH(7+l)^ 

u4fl2 =-192/3l>»-32/3Z?«(7+l)+12i3Z?*(7+l)* 
=-60j8D'(7+l)-15/5lH(7+l)*, 

^,o«=96/3l>«+48/3Z?»(7+l)+6/3lH(7+l)* 
^a'=/3Z?»(7+l)*(15Z?+8)+4/SZ?*(7+l)(7Z?+9) •- 

A^* =96/5I>«-16/3l7'(7+l)-10i3Z?*(7+l)* 
=48/3D'(7+l)-8j3lH(7+l)2 

Ak* =-224/3Z)^-16)327(7+l)+22/3l>'(7+l)* 

^,0^= -84^r»^(7+ 1) -21|3Z7*(7+ 1)^ 

= 128/3Z>'+ 64/3Z?' (7+ 1) +8/3lH(7+ 1)* 
JS,» 8/3Z3'[(7+l)D+4]« 

=-12/3D»(7+1)[(t+1)I>+4] 

=16OT(7+1)Z>+4P 
j8j^ =12/3Z?»(7+l)[(7+l)Z>+4] 
5/ =-16/9l>»[(7+l)I>+4)» 
B,' =-20/3r>'(7+l)[(7+l)Z?+4] 



=24|8Z>«[(7+l)i)+4]' 
(7, =4j8l>>[(7+l)r>+2][(7+l)P+4] 
a =8/9Z>*[(7+l)Z'+4] 
A =4/Jl?*[(7+l)I>+2] 
A =i8i?»(7+l)[(7+l)I>+2] 
A =8j8Z)* 
A =2/8Z>'(7+l) 
Note that 



and 



5,»= -25.*: 5,^=1 58*=2^«* 



=- A « 



■O4 — — -OS — T-Ob — -"10 — T -Cls 



The right-hand side of equation (D7) suggests a solution 
of the form 

*3= Oi tt) sin 27,+ (?,(!) sin 4i,+SG'.ft) sin 2nv (D8) 

When this expression for ^ is inserted in the left-hand side 
of equation (D7) and the coefficients of sin 2i), sin 47,, and 
sin 2toij are equated to zero, the following differential equa- 
tions for Gi(£), GiCf), and result: 

^-4:Gr={A/+B/0e-'-^+ iA,'+B/i)e-*i 

+ (A,'+B,'i)e-'^+Ash-oi+A,^h-'<X (D9) 



■ 16<?2= (At*+B»*Oe-*^+ iA4*+B/^)e-^+ W+B,*Oe-*^+ (As'+Bs'Oe-<^+Au,*e-''^+A^*e-'^ 



(DIO) 



■ (27i)*ff,={4(A- A)c*«+[- A-7A+A+3A+ (-C,-|-Cs){]e^-l-2(A+ A+ A+A)+[4(A- A)+ (-^7i+a)S]e-'« 

-1- [- 6 A + 6 A- 6 A- 2 A+2 Ca-I- <72)ae-«+ (-3A-9A+3A-3A)e-'f 
• -i-4(A+A+A+A)e-««}e-"f-|-{-4(A-A)e^+[-2A+10A+2Ps-2A+2(a,-a)5]e*f - 
-t- [2A-6A+2A-6A-2 (C, -t-Ci)a+ [4l>i-4A-4Z?3+4Z)4+2 (- O1+ 

+[-4Di-|-8A-4A+2(C,+a,)f]e-*«-|- (-2A-6A+2A-2A)c-'*+ (2A+2A+2A+2A)«-*«}n«-*"« (Dll) 
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The solutions of equations (D9), (DlO), and (Dll) are as follows: 

+(A ^'+2l6 ^.oV''^+*i«-^ (D12) 



and 



ft({)=| l8lH(T+l)V*-^-[|8lH(T+l)*+4)8Z?»(7+l)]fe-*-H^«+ [-| /3ZH(7+l)»+^Z?'(7+l)]«-*"f^-*« 

+1 [3/3Z>*(7+l)^+8j3Z?3(7+l)- 16i3i>^fc-*'f+[i8ZH(T+l)H8i8i?'(T+l) + 16i3i^{V"«- ;8lH(7+ l)»e-*»«-»« 
- [/5l>*(7+l)'+4i32?'(7+l)]€c-*»«-*«+[| /3l>*(7+l)*+|8Z?»(7+l)-2/3Z?«]c-»"«-^« 
+1 [/3lH(7+l)*+8i3Z?^(7+l) + 16^Z)^?e-^f-^-i WD'(y+iy+40D'(y+l)]e-^i-'i 

+ ^ [i8r>*(7+ i)*+8j32>'(7+ 1) + 16/3l?*]e-*'«-''«+i,e-«-f (D 14) 



The arbitrary constants ki, ki, and knin'^ 3) are to be deter- 
mined by the boundary condition at the surface (the bound- 
ary condition at infinity is taken care of by putting equal to 
zero the other set of arbitrary constants that normally appear 
in the solutions of linear second-order differential equations 
with constant coefficients). It is now anticipated that the 
arbitrary constants are independent of n and equal to k, 
say. Then 

f^Gn sin 27i,= (? u^^'' o -e-^ sin 2r,-e-*( sin 4,1 
^ L2 cosh 2{— cos 2ij ' 'J 

(D16) 



where the following relations have been utilized: 

Ci-Ci=4i3Z?*(7+l)*+16|8Z>»(7+l) 
Oi+ Ci=4]8lH(7+ l)»+32i8Z?'(7+ 1) +64i8Z?* 
P.-A=4i3l>»(7+1) 

A+ A+I>s+A=i3Z>*(7+ iy+8pLP(y+ 1) + 16|8Z?» 

Di+Ps-A- A=/3Z?*(7+l)*+4i8l>'(7+ 1) =i C70 
where 

a=k+jpD'{.y+iye*(+ [-|i8Z>'(7+l)*+)8Z?'(7+l)] «s^-/3Z>*(7+l)V^+ ^^pD*(.y+iy+pU>iy+l)-2pD''je-^ 
~[pD'iy+iy+4:pD'iy+l)]e-^+j^[pD*{y+iy+8fiI)'{y+l)+16P^^^ 
+^ZfiD'{y+iy+8pD'(y+l)-mD^iMPl^(y+iy+8pD'(y+l) + Wpm^ 

+^pD'(y+iy+8pD^(,y+l)+mmie-*^ 

The expression for the velocity potential <f> is now 

0=— cosh f cos 17— A^— A*^— A'^— . . . (Dl6) 



where, from equation (B9), 



*i=^(e"*f sin 2ij— 217) 



from equations (03), (C6), (07), and (OlO), 

.^=(2Z>[(7+l)I>+4]£«-f+2Dc-»f+2{3-Z>+Z>[(7+l)X>+4]}e-«) cos, (D17) 
- (^(y+l)iye-i+l { 12+12D-D [(7+ l)I>+4] cos 3, 



where 
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y='P{2h sin* &+8h? wa^ cos* . . 
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and, from equations (DS), 
^=G'.(f) sin 2,+6^.(f) sin 4,+(?(f) (| ^^^^ 

sin 2i,-e-^f sin 4i;)+r37; (DlS) 

where GfjCf) and CaCf) are given by equations (Dl2) and 
(DlS), respectively, and (?({) can be written 

+^E^e-*i-l^e-'i+-^Ke-'(+k (Dl9) 

with 

The arbitrary constants ki, kt, and k appearing in the expres- 
sions for Oi, Oi, and Q, respectively, are determined by the 
boundary condition at the surface of the circtilar arc profile. 
The value of the arbitrary circulation Tj is determined by the 
Kutta condition at the trailing edge — ^that the velocity there 
be finite. 

In order to evaluate the various terms appearing in the 
boundary condition, equation (C9), the following relations 
are necessary: from equations (All) and (Al2) 



4/SA cos cos ^ cos 2i?— . . . 

From equation (Bl2) 

6=sin« ^— i5*(4A* sin* ^+32A* sia* ^ cos* . . . 
sinh ^=2fih sm ^ [l+4h' cos* /3*A*(2 cos**4-sm*^)]4- . . . 
cosh f=l-|-2j8«A,* sin* tf-l- . . . 
e«= ] +2ph sm &+2^h? sin* t> 

+2^¥ sin t? [4 cos* jS* (2 cos* d^+wo* ^)]+ . . . 
e-«=l— 2/3A sin t?+2j5*A* sm= 

— 2/3A3 sin t> [4 cos* «?-/3' (2 cos* t?-f-sin* »?)]+ . . . 

J =2/3A sin +2/5A» sin * |j4 cos* * 

— /3*(|sin*t>+2cos*t?+sin*t?)J+ . . • 

sm ij=sia^ (l+2/3*A*cos*t>)+ . . - 
cos »/=cost> (1— 2|3*A*sin*ty)+ . . . 

When the expression for <)> given by equation (Dl6) is 
substituted into the bomidary condition, equation (C9), the 
coefficient of A' on the left-hand side is 

{|82?[(T+l)I>+4]-4j8+6i8»} cost? 

+ {-2i3D[(7+l)Z)+4]-|-2/S-5/3»} cos 3* 

+ {pD[iy+l)D+4]+2fi-fP} C0S5& (D20) 



and the coefl5cient of A' on the right-hand side is 

/33[-6-f Z?-i-|z3*-f D*(7+l)-f X>»(7+1)-2Z?»(7+1)*-||X>*(7+1)*+ ^]cos,> 
+/3^[l3+f Z?-|p*+|z^'(7+l)+f iy(T+l)+|2y(7+l)*+x|-P*(T+l)*+( ~^^''^ 



cos 



-H/3»[-7-4l>-|-4Z?*(7H-l) +X>'(7+ 1) +1 i?'(7+ 1)*+| P*(7+ !)*+(- 
In obtaining expression (D21), the following relations were utilized: 



-2k2+2k 



■)] 



cos 5* 



(D21) 



G':(0)=f pD+f )8I>*+| /5Z)* (7+l)+f /3Z?* (7+I) ~ PT> (7+1)*+*. 

Q,{p) /3Z>»-32/3D' {y+l)-\pTy' (7+l)-f /3Z>' (7+l)*-|| i8Z?*(7+l)*+A2 

G'(0) = -y| /SIH (7+l)*+f /3Z?' (7+l)-i8l>*+i 
(§)o^~l '^^-f'^^'+f ^5^' (7+1)+ f /3Z?* (7+l)+4/3Z>3 (7+l)*+f |3Z>* (7+l)*-24x 
(^)^=4/3Z?*+6/3Z?* (7+l)-4/3Z)^ (7+l)+| iSZ^ (7+1)*+ g |8Z>* (7+l)*-4i, 



(D22) 



402 



HEPORT NO. 794 — ^NATIONAL ADVISOHT COMiaTTEB FOE AERONAUTICS 



By equating the coefficients of cos ^, cos 3^, and cos 5* appearing in expressions (D20) and (D21), the following equations 
for the arbitraiy constants h, ks, and k are obtained : 



P23) 



1 (-ii+2fe-A) ^ [(T+lW4]+|-18-f I?+|2)^-|z)^(7+l)-f l?'(7+l)-|2?'(T+l)*-jf i>*(7+l)' (D24) 



I (-2fe+2fc)=P [(T+l)2?+4]+|+6+4r»-4Z?*(T+l)-X>'(7+l)-|l>'(7+l)*-|£>^(7+l)* 



(D25) 



Note that the sum of equations (D24) and (D25) yields equation (D23), so that these equations for ki, ki, and k arc not 
independent. Hence, one of the constants, say k, is entirely arbitrary. It wiU be seen in the following discussion that the 
arbitrary disposal of A is necessary in order that no infinite velocities occur on the circular arc profile. 
The Telocity components along the X- and F-axes are given by 

'=ll= cosh 2Acos 2n « '^^ 1, ||-cosh f sini, |^) 
— 1 ^cosh ? sm 1? ^+sinh % cos jj 



'dZ cosh 2f— cos 2n ' 
Along the chord of the circular arc profile, f =0; equations (D26) therefore become 

1 



(D26) 



sin t\ 



sin 17 

By means of equation (DI6) for and the expressions for <^i, and <fe, it follows easily from equations (D27) that 
Ah 

if=-l-^sin i;+A''{12 cos 2i;+i?[(T+l)X>+4](2 cos 2»?-l)} 

+3^ [2(?t(0) cos 2^+4^,(0) cos 4ij+r3H-^ G(0) [-2 cos 2„-4 cos 4,-cos»i, + • • • 
«?=4A cos ij+4j5A«(2P+3) sin 2i; 

-2^1' cos ,[(f )+2(f )+(D^(j4^-l-2e»2,)+20(O)(l+4cos2,)]+ • • ■ 



(D27) 



At the trailing edge, ip=7r or sin i/=0. Hence, according to 
equations (D28) and CD29), an infinite veloeaty seems to occur 
there. The Kutta condition at the trailing edge, however, 
demands that the velocity be finite. From equations (D22) 

it is seen that =0 so that the velocity component 

V is finite on the boimdary. The velocity component v, can be 

rendered finite by showiog that the coefficients of 



sm 17 



in 



equation (D28) can be made to equal zero when J7=0 or v. 
Thus, since the constant k occurring in equation (D15) is 
arbitrary, it can be chosen so that (?(0)=0. Again, if the 

W 

in equation (D28) vanishes for »?=jr, 



first coefficient of- 

sin 1; 

then the circulation constant 



r3=-2G'j(0)-4G^3(0) 



(D30) 



where <?i(0) and (?2(0) are given by equations (D22). 

The arbitrary constant k has been determined by the 
condition 0(0) =0. From equations (D22), therefore. 



and from equations (D23) and (D25), respectively, 



(D28) 

{D29) 
(D31) 



1=^ [(7+l)J?+4]-|+12+f D~l D'+^^D\y+l) 



+^ U'(y+l)+2l^(y+iy+f D*(y+iy 



(D32) 



1= [(7+l)I?+4] -^-3-2D+iy+2D'(y+ 1) 

-i?'(7+l)+|i?'(7+l)*+f|x>*(7+l)» (D33) 

Note that, had the incompressible flow past a circular arc 
proffle been determined according to the methods of the 
present paper, a discussion similar to the foregoing would 
have been necessary, with the result that ki=8, ^2=— 4, 
k=0, and r3=0. 
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Substituting from equations (D21) for Gi(0) and 6i(0) 
into equation (D30) gives 

r,=-^ pD-f pD'-f pD^ iy+l)-f PU^ (-r+l) 

-|| /3I>* (7+l)'-| ^If" (7+1)* (D34) 

The circulation r« in the incompressible case, obtained from 
equation (A5), is 

The circulation Te in the compressible case, inclusive of 
terms containing the fMrd power of h, is obtained by adding 

the circulation term from equation (B9) to the value of 
Ts given by equation (D34) and multiplying the result by 

47rZ7a. Thus, if Z? is replaced by ^ j 

+^ (r+l)' (31+18*)] A» (D35) 

The circulation correction formula then becomes 



r,_i rioi-ff' 1 (1-^' ^„ , 

+^ (7+1)* ^^^=^ (31+/?)] (D36) 

The first term on the right-hand side is the familiar Prandtl- 
Glauert term so that the second term represents the first 
departure from the Prandtl-Glauert rule. 

The magnitude of the velocity at the surface of the circular 
arc profile is calculated by the use of equations (D26). Thus 

where, symbolically, 

^=C03h2f-C08 2, f ^'"^ " ^-co^ ^ ^ ^ i^) 

l^^cosh 2f-cos 2, ^ ^ " l^+sinh f cos r, ^) 

and the expressions for ^i, <^j, and are given by equations 
(B9), (D17), and (Dl8). "When all the functions of | and i? 
are expressed as functions of ^ at the surface of the profile 
and terms involving powers of h higher than the third are 
neglected, the expression for g becomes 



2=l+^sin,^+A*{-2-|-(r-l) (i^J+4[^+(^_l) (l^J]sin^^) 

+A'' j 4 [-1+^1(0) +2(?s(0)] sin *+8 [-|+2^(2Z?+3)+ft(0)] sin 3i> }+ . . . P38) 
where, from equations (D22) and (D32), 

6'i(0) ^+ 12/3+1 Z? (|+10^)+f ^i)'J^^my+-i)(^^-m-\rmD^+^ fiD" (7+1)* (48+47D) 

and, from equations (D22) and (D33), 

GM ~3i3-2Z> (^+|8)-| (7+1) Q+2^+3^2?)-| pLP (7+I)* (l+Z?) 

If qc and gj denote the magnitude of the velocity at the boundary in the compressible and the incompressible cases, 
respectively, then the velocity correction formula is 

2!^1+4A sin t>-4A* cos 2*-8A» sin ^ ^^^^ 

where g is obtained from equation (D38) and where O^&^v for the upper side of the circular arc and — ir^d^O for the 
lower side of the circular arc. For the leading or trailing edge, 1^=0 or &=v, the velocity ratio qjqt is again given by equation 

(CI6). For the position of maximum velocity, t>=^' 

^^l+j+h" [-8+3 (j^+lJ+Sy (i5-iy]+4A='[_2|8(4Z'+5) + (?,(0)] 
(2t l+U,+4h'-8h? 

For the position of Tninimum velocity, t^= — 

g^_l- J+A* [-8+3 (^+lJ+37 (^-l)']-4A='[-2/S(4i»+5) + ff:(0)] 

q]~ 1=4A+4F+8A? ^^^^^ 
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TABLE I.— RATIO OF CIRCXJLATIONS FOB COMPRESSIBLE AND INCOMPRESSIBLE FLOWS 



Approximation _ 


0.10 


0.20 


a30 


0. 40 


a45 


0.60 


0.56 


aeo 


a65 


a70 


a 75 


0.80 


a85 


a90 


Prandil-Qlauort 


LOOM 


1.0206 


1. 0483 


1. 0911 


1.1198 


1.1S4T 


1.1974 


1.2J00 


1.3159 


1.4003 


1 6119 


1.6667 


1.S9S3 


2.2942 


A->aoio 


Third 

von Efinnfin 


i.oon 

LOOK) 


1.020S 
1.0200 


1.0483 
1.0483 


1.0913 
L0911 


1.1200 
1.1199 


1.16*0 
1.1648 


1.1978 
1.1076 


1.2608 
1.2603 


1.3172 
1.3185 


1.4029 
1.4013 


1.6170 
L6136 


1.6788 
1.6692 


1.9348 
L9026 


2.4603 
Z3030 




Third _ 


1.0051 
LOOK) 


1.0207 
1.0207 


1.04S4 
1.0481 


1.0913 
1.0913 


L1202 
1.1202 


1.1663 
1.1663 


L19S4 
1.1983 


1.2617 
1.2511 


1.3189 
1.817* 


1.4069 
1.4026 


1.6234 
1.5162 


1.6040 
Le720 


1.9804 
1.9078 


2.8680 
2.3142 


A-aQ20 


Third 

von Kfirmfin _. 


l.OOJI 
1.0051 


1-0207 
1.0207 


L0486 
1.W85 


1.0916 
1.0916 


1.1205 

1.1205 


1.1558 

1.1667 


L1992 
1.19S7 


1.2530 
1.2520 


1.3213 
1.3187 


1.4102 
1.4043 


L5323 
1.6179 


1.7163 

1.6763 


2.0441 
1.9163 


2.0638 
2.3301 




Tblrd.._ 


LOOSl 
1.0051 


1.0207 
1.0207 


1.0486 
1.0485 


L0018 
1.0916 


1.1209 
1.1206 


1.1666 
1.1560 


1.2002 
1. 1996 


1.2647 
1.2531 


1.3242 
1.3203 


L4168 
1.4066 


1.6438 
1.5213 


L7427 
1. 6818 


2L1262 
1.9260 












i-a030 


Thlrd.._ 


1.0051 
1.0051 


1.0208 
1.020S 


1.0487 
1.0486 


1.0921 
1.0920 


hUU 
L1212 


1.1672 
L167t) 


1.2015 
1.2006 


1.2668 
1.2544 


1.3278 
1.3222 


1.4228 
1.4091 


1.6678 
1.6266 


L7762 
1.6886 


2.2204 
1.9370 












i-aoss 


Third 


1.0061 
1.0051 


1.020S 
1.020S 


1.0488 
1.0488 


1.0925 
L0922 


1.1230 
1.1216 


1.1681 
1.1576 


1.2030 
1.2017 


1.2693 
1.2560 


1.3321 
1.S24S 


1.4307 
1.4127 


1.5744 
1.5306 


1.8167 
1.696S 


2.3440 
1.9514 














Third 


1.0051 
L0051 


1.0200 
1.0209 


1.0490 
1.0488 


1.0929 
1.0926 


1.1228 
1.1230 


1.1G93 
1.1688 


1.2047 
L2031 


1.2621 
1.2579 


1.3371 
1.3271 


1.4400 
1.4166 


1.6936 
1.5361 


1.8813 
1.7060 


















&"a04S 


Third _ 


1.0051 
1.0051 


1.0210 
1.0210 


L0492 
1.0490 


1.0934 
1.0030 


L1234 

Lms 


1.1604 
1.1699 


1.2066 
1.2046 


1.2853 
1.2600 


1.3427 
1.3301 


1.4606 
1.4209 


1.8163 
1.6430 


1.9130 
l.n68 






VOD Efinn^ „. 












i = a050 


Third 


1.0051 
1.0051 


1.0210 
1.0210 


1.0494 
1.0402 


1.0939 
1.0936 


1.1242 
1.1238 


1.1617 
1.1611 


1.2087 
1.2063 


1.2689 
1.2624 


1.3490 
1.3336 


1.4623 
1.4258 


1.6396 
1.6605 


1.9708 
1.7290 






von EArmin 






A=a060 


Third _ 


1.0052 
1.0052 


1.0213 
1.0210 


1.0499 
1.0496 


1.0962 
L0960 


1.1262 
1.1280 


1.1648 
1. 1640 


1.2137 
1.2102 


L2773 
1.7570 


1.3638 
1.3418 


1.4SS6 
1.4373 


1.6968 
1.6881 
























A-aOTO 


Third _ . 


1.00S2 
1.0052 


1.02W 
1.0312 


1.0606 
1.0600 


1.0967 
1.0960 


1.1286 
1.12SI 


1.16S6 
1.1673 


1.2196 
1.2148 


1.2S71 
1.2744 


L3808 
1.3607 


1.5218 
1.4611 


1.7822 
1.6896 








von Efirm&n 








A-a080 


Third _ 


1.0063 
1.0062 


L0217 
1.0316 


1.0513 
1.0510 


1.0984 
1.0076 


1.1312 
1.1289 


1.1737 
1.1711 


1.2265 
1.2202 


1.2986 
1.2820 


1.4007 
1.3616 


1.6589 
L4673 






























A-a090 


Third „ 


1.0053 
1.0052 


1.0210 
1.0217 


1.0620 
1.0616 


L1003 
LlOOl 


1.1343 
1.1340 


1.1776 
1.1766 


1.2342 
1.2283 


1.3144 
1.2907 


L4232 
1.3741 


1.6011 
1.4881 






























A-aioo 




1.0064 
1.0063 


1.0222 
1.0220 


L0528 
1.0526 


1.1026 
1.1020 


1.1378 
1.1370 


1.1S28 
1.1804 


1.2128 
1.2332 


1.3268 
L3004 


1.4484 

L38S3 


1.6482 
L5076 
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TABLE II,— RATIO OF VELOCITIES AT LEADING OB TRAILING EDGE FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS 





Ml 

Approxl- 
matJon 


0.10 


0.20 


OJO 


0.40 


O.IG 


0.S0 


0.53 


O.flO 


0.65 


0.70 


0.75 


0.80 


0.85 


0.90 


0.96 


A-O.OlO; {g,)„..,_.j-,rj„ 


Third 


LOOOO 
LOOOO 


LOOOO 
LOOOO 


LOOOO 
LOOOO 


LOOOO 
.9099 


a0999 
.9900 


a9990 
.9998 


a9909 
.9998 


0.9999 
.0907 


aeo99 

.9096 


ae998 

.9901 


aoess 

.0901 


10997 
.9085 


19996 
.0073 


19995 
.9039 


10991 
.9767 




Third 


LOOOO 
LOOOO 


LOOOO 
LOOOO 


LOOOO 
.0999 


a9999 
.9998 


0.9999 
.9907 


ag9go 

.9996 


a99g8 

.9996 


a009S 
.9993 


a 0997 
.9991 


ae996 

.0986 


19995 
.9080 


19991 
.9967 


19992 
.9940 


19983 
.9303 


19980 
.9151 


A-0.020; (}()„.„- i.o\)m 


First 

Third 


LOOOO 
LOOOO 


LOOOO 
.0999 


a9999 
.9998 


a9999 
.9007 


0.0998 
.9905 


a9998 a 9997 
.9901 .0901 


0.9996 
.9088 


a9995 
.0983 


19991 
.9976 


19992 
.9961 


19989 
.9011 


19986 
.9893 


19979 
.9757 


10066 
.9028 


4-0.028; fedo.^-TTcWr 


First 

Third 


LOOOO 
LOOOO 


LOOOO 
.9999 


a9999 
.9997 


a9998 
.9995 


a9997 
.9903 


a9906 
.0990 


0.9995 
.9986 


a 9091 
.0981 


a9992 
.9971 


0.9990 
.9962 


19987 
.9913 


19983 
.0908 


19978 
.9833 


19968 
.9620 


10915 
.8480 


A-'O.OSO; (}{) «...!- i.utig 


First 

Third 


LOOOO 
LOOOO 


0.9999 
9999 


a9998 
.9906 


a 9997 
.9992 


a9998 
.9990 


a 9994 
.9086 


0.9993 
.9980 


Ol9991 
.9973 


a9gS9 
.9962 


0.9086 
.9915 


19982 
.9918 


19976 
.0867 


19968 
.9759 


10953 
.0462 


19921 
.7803 




First 

Third. 


LOOOO 
.0SS9 


a9999 
.9908 


a9998 
.9995 


a999a 

.9900 


aooM 

.9986 


a9092 
.9980 


a9990 
.9973 


a9988 
.9963 


19985 
.9948 


19980 
.9925 


19976 
.8888 


19007 
.0819 


19960 
.0072 


19937 
.9263 


19802 
.7013 


A-O.MO; (5d»...= TTirVirT 


Thlrd. 


LOOOO 
.9999 


0.9999 
.9997 


a 9997 
.9993 


a9994 
.9986 


a9992 
.9931 


a9090 
.9971 


a9987 
.9965 


a9961 
.9952 


a9980 
.9932 


19971 
.9903 


19967 
.9853 


19967 
.9763 


19943 
.0570 


19917 
.9023 


19869 
.6092 


i-o.04e; (ff ()•>•«- i.a\)8i- 


First 

Third 


LOOOO 
.0999 


a999S 
.0997 


a0996 
.9901 


019993 
.9983 


019990 
.9076 


aoess 

.9967 


a9061 
.9055 


a9980 
.0039 


0.9971 
.9911 


0.0968 
.0878 


19959 
.9811 


19946 
.9700 


19927 
.0155 


19895 
.8781 


19832 
.5010 


A-aOGO; (;<)•><«— rrVr 


First- 

Third 


LOOOO 
.9999 


a9998 
.9996 


a9995 
.9989 


a 9991 
.9979 


a9938 
.9970 


ae9S6 

.9980 


aggso 

.9916 


a 9075 
.9921 


aooes 

.9801 


19960 
.9817 


19919 
.9770 


19933 
.9620 


19910 
.0326 


19871 
.8168 


10730 
.3872 


A-0.080; t)ii)„.a—f-,g\^ 


First 

ThlnL 


a9999 
.9999 


a9997 
.9991 


a9993 
.9936 


a9987 
.9060 


a9983 
.9957 


a9978 
.9912 


a9972 
.9920 


a9961 
.0S8O 


a9955 
.9816 


19912 
.0779 


19928 
.9667 


10001 
.9163 


10871 
.9026 


19314 
.7784 


10083 
.1137 


4=0.070; (ffd ttjjVst 


First. 

Third 


a9999 
.9998 


a9996 
.9991 


a 9991 
.9979 


a9982 
.9958 


0.9977 
.9942 


0.9970 
.9920 


a 9961 
.9891 


a99Ji 

.asfio 


19938 
.9760 


19923 
.9097 


19900 
.9M6 


19889 
.9268 


19821 
.8000 


10746 

.0908 


19608 


A=0.OSO; (5i)„,„= xm^rs 


First 

Third 


a9999 
.9997 


a9995 
.9989 


a9988 
.9973 


a9977 
.99M 


a9969 
.9923 


a9960 
.9885 


ag9G0 

.0856 


a9036 
.0802 


a 9010 

.9723 


19898 
.9602 


19S69 
.9102 


19829 
.9035 


19770 
.8247 


19S09 
.6015 


19130 






A=0.090; TTuVn 


First. 

Third 


a999S 
.0997 


a9993 
.9986 


ae9Si 

.9966 


a9971 
.9929 


a 9961 
.9902 


a9950 
.0866 


a9936 
.0817 


a 0010 

.9718 


a9898 
.9618 


aeS70 
.0193 


19831 
.0237 


10781 
.8770 


10709 
.7786 


19681 
.1921 


19280 






i-OJOO; (;i)<»i-t-Vt 


First 

Third 


a9998 
.9996 


a9992 
.9982 


a 9981 
.99J6 


0.9961 
.9912 


a9952 
.9878 


a9938 
.9833 


a 9921 
.9772 


0.0900 
.9687 


a 9871 
.9561 


19810 
.0369 


19795 
.9061 


10733 
.8469 


19641 
.7221 


19482 
.3680 


19110 
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TABLE in.— RATIO OF MAXI^rUM VELOCITIES FOR COMPRESSIBLE AND INCOMPRESSIBLE PLOWS 



imaUon 


9— 


O.IO 


0.20 


0.30 


0.40 


0.46 


0.60 


0.65 


0X0 


0.66 


0.70 


0.75 


0.80 


0.85 


0.90 


0.05 


4=0i)10; (jOi=1.(K; (?()f-1.04O4; to()»=1.0404; («i)„.ci=lJM(M 


First 

Second- 

Third 


1.0002 
L0003 

i.oooa 


LOOOS 
LOO 08 
1.0003 


1.0019 
1.0020 
1.0020 


1.0036 
1.0037 
L0038 


1.0048 
1.0049 
1.0050 


L0060 
1.0064 
L0064 


L0076 
1. 0082 
L0083 


1.0096 
1.0105 
L0105 


1.0122 
1.0)34 
1.0135 


1.0164 
1.0171 
1.0173 


1.0197 
1.0223 
1.0227 


1.0256 
1.0299 
1.0307 


1.0348 
L0422 
1.0446 


1.0493 
1.0673 
1.0779 


1.0S47 
1.1647 
1.2829 


ft=0.016; te()i-1.06; (5()i-1.0609; (9i)j-1.0609; (fft)^ti=1.0309 


First 

Third 


1.0003 
1.0003 
1.0003 


L0012 
1.0013 
L0013 


L0027 
L0030 
1.0030 


1.0062 
L0067 
1.0067 


1.0068 
1.0076 
L0076 


1.0088 
L0098 
1.0098 


1.0112 
1.0126 
1.0127 


1.0142 
L0161 
1.0162 


1.0179 
1.0206 
1.0209 


1.0227 
1.0286 
1.0271 


1.0290 
1.0347 
1.0369 


1.0377 

i.oin 

L0498 


L0:09 
1.0678 
1.0763 


1.0733 
L1118 
L1469 


L1247 
L2790 
1.7034 


A"0.020; (9di-1.08; (;i)i°1.0Sie; (lOi-l-OSlS; (;i)„.<i°1.0SU 


First 

Second — 

Third 


1.0OO4 
L0004 
LOOM 


1.0016 
L0017 
L0017 


L0036 
LOOlO 
1.0041 


1.0063 
L0077 
1.0077 


L0089 
1.0102 
LOIOS 


1.0U6 
1.0133 
1.0134 


1.0146 
1.0170 
1.0173 


1.0185 
L0318 
L0222 


L0234 
1.0280 
L0288 


1.0297 
1.0363 
1.0877 


1.0379 
1.0480 
L0507 


1.0494 
1.0656 
1.0720 


1.0685 
1.0961 
LU46 


1.0967 
1.1630 
1.24(8 


1. 1631 
1.4321 
2.4191 


A=0.025; (jdi-lJO: (}di-1.1026; (ji)j=1.10W; (9()„.ti-1.1034 


First. 

Second „ 

Third _ 


1.0005 
l.OOOfi 
1.0005 


1.0019 
1.0022 
1.0022 


L0044 
L0061 
1.0052 


1.0083 
1.0097 
1.0098 


L0109 
L0120 
L0130 


1.0141 
L0168 
L0171 


1.0179 
L02ie 
1.0221 


L0227 
1.0278 
1.0288 


1.0287 
1.0368 
1.0372 


1.0384 
1.0466 
1.0492 


1.0466 
1.0610 
1.0671 


1.0606 
1.0855 
1.0978 


L0817 
1.1269 
1.1621 


1.1177 
1.2206 
1.3772 


L2002 
L5303 
3.4221 


A-0.030; J2; («di-1.1236; te()>-lJ234; (ff<)„..,=1.1234 


First 

Third 


l.OOOS 
1.0006 
1.0006 


1.0022 
L0026 
L002S 


1.0052 
1.0062 
L0063 


1.0003 
LOllS 
1.0120 


1.0128 
1.0U6 
1.01S9 


1.0166 
1.0204 
1.0200 


1.0212 
1.0263 
1.0272 


1.0268 
1.0339 
L0353 


1.0339 
L0439 
1.0462 


1.0429 
1.0573 
1.0616 


1.0548 
1.0766 
1.0S» 


1.0714 
1.1066 
1.1271 


1.0963 
1.1801 
1.2203 


L1387 
L2840 
1.5496 


1.2360 
1.8183 
6.0253 




First. _ 

Third 


1.0006 
1.0007 
l.OOOS 


1.0025 
1.0031 
1.0031 


1.0069 
L0073 
L0074 


i.om 

1.0139 
1.0142 


1.0147 
1.0184 
1.0189 


1.0190 
1.0241 
1.034S 


L0242 
1.0312 
1.03»i 


1.0307 
1.0402 
1.0423 


1.0388 
1.0622 
1.0558 


1.0492 
1.0684 
1.0752 


1.0629 
1.0918 
1.1066 


1.0819 
1.1287 
1.1608 


1.1103 
1.1956 
1.2894 


1.1689 
1.3630 
1.7S70 


1.2705 
2.0483 
7.0467 


A=0.(MO; (}j)i=1.16; (?i)i=1.1681; (jOj-I-ISM; («d»..i-lJ669 


First 

Third 


1.0007 
1.0000 
LOOOO 


1.0028 
1.003S 
1.0036 


1.0067 
1.00S4 
1.0086 


1.0126 
1.0160 
1.0166 


L0166 
1.0213 
L0220 


1.0213 
1.0278 
L0290 


i.Q2n 

1.0361 
1.0379 


1.0345 
1.0487 
1.0408 


1.0438 
1.0607 
1.0660 


1.0562 
1.0798 
1.0898 


1.0708 
1.1077 
1.1379 


1.0920 
1.1619 
1.1990 


1.1239 
1.2330 
1.3708 


1.1786 
1,4272 
3.0339 


1.3038 
2.3007 
9.6255 


A-0.04I; (i<)i-lJ8; bi)i-lJ881; (f<)i°lJ874; b<)««.i-lJ874 


First. 

Third 


1.0003 
1.0010 
1.0010 


1.0032 
L0040 
1.0041 


1.0074 
1.0096 
1.0007 


1.0139 
1.0182 
1.0188 


1.0183 
1.0241 
1.02S2 


1.0238 
1.0316 
1.0332 


1.0301 
1.0411 
1.0437 


1.0381 
1.0633 
1.0676 


1.0482 
L0694 
1.0760 


L0811 
1.0916 
1.1055 


1.0781 
1.1341 
1.1523 


1.1017 
1. 1782 
1.2420 


1.1370 
1.2725 
1.4649 


L1974 
1.6063 
2.3546 


1.3300 
2.5746 
12.8152 




First. _ 

Second _ 

Thlrd_ _ 


1.0003 
1.0011 
1.0011 


L0034 
1.0046 
L0046 


1.0081 
1.0106 
1.0109 


1.0162 
1.0203 
1.0212 


1.0200 
1.0270 
1.0284 


1.0258 
1.0355 
1.0377 


1.0329 
1.0162 
1.0497 


1.0417 
1.0600 
1.0658 


1.0627 
1.0783 
1.0884 


1.0687 
1.1037 
1.1224 


1.0853 
L1411 
1.1791 


Lllll 
1.2013 
1.2900 


1.1497 
1.3139 
1.6731 


L2157 
1.5900 
2.7327 


L3671 
Z88S2 
16.6847 


A-0.060; (Jdi-IJM; (S()j-lJ2«4; (i()i-1.2627; (g()^.i=l J£26 


First. 

Second 

Third 


1.0010 
1.0013 
1.0014 


1.0040 
1.0064 
1.0066 


1.0094 
1.0129 
L0136 


1.0178 
1.0247 
1.02S2 


1.0232 
1.0330 
1.03S3 


1.0299 
1.0434 
1.0470 


1.0382 
1.0566 
1.0625 


1.0484 
1.0737 
1.0836 


1.0611 
1.0967 
1.1136 


1.0776 
1.1288 
1.1699 


1.0991 
1.1784 
L23gS 


1.1290 
1.2541 
1.4021 


1.1739 
L4016 
1.8341 


L2505 
L7700 
3.6761 


1.4263 
3.5106 
28.5210 


4=0.070: (n)i'=1.28; (Si)j°1.2996; (ji)j=L2969; (}0....<-l-2965 


First 

Second 

Third- 


l.COU 
1.0016 
1.0016 


1.0016 
1.0064 
1.0067 


L0106 
L0161 
1.0161 


L0199 
1.0292 
1.0316 


1.0262 
1.0391 
1.0426 


1.0338 
1. 0614 
1.0670 


1.0432 
1.0673 
1.0763 


1.0647 
1.0879 
L1028 


1.0691 
1.1157 
1.1418 


1.0878 
1.1548 
1.2027 


1.1120 
1.2133 
1.3106 


1.1458 
L3099 
1.5371 


1.1966 
1.4964 
Z16S9 


1.2831 
1.9651 
4.8S92 


1.4818 
4.2193 
39.6150 


A=O.0eO; (jdi-1.3a; (jOi-1.3466; (gi)>-l-3416; (jO „..i-1.3409 


First „ 

Third „ 


l.OOU 
1.0018 
1.0019 


1.0060 
1.0073 
1.0078 


1.0117 
L0176 
1.0188 


1.0221 
1.0338 
1.0371 


L0290 
1.0463 
L0604 


L0376 
1.0698 
1.0678 


1.0479 
1.0781 
1.0912 


1.0606 
L1024 
1.1240 


1.0788 
1.1362 
1.1778 


1.0970 
1.1818 
L2608 


1.1241 
L2517 
1.3923 


1.1616 
L36S2 
1.6963 


L2178 
1.6944 
2.5622 


1.3137 
2.1736 
8.3937 


L6339 
4.9363 
65.9220 


1-0.090; b<)i-1.36; (adi-l3im; (adi-lXBUi; (g<)««.i=1.38S7 


First 

Second 

Third 


1.0013 
1.0020 
1.0022 


L00S6 
1.0083 
1.0090 


1.0128 
1.019S 
1.0217 


1.0341 
1.0384 
1.0430 


1.0317 
1.0614 
1.0688 


1.0(09 
1.0879 
1.0702 


1.0622 
1.0S92 
1.1072 


1.0682 
1.1172 
1.1470 


1.0838 
1.15S2 
1.2068 


L1080 
1.2092 
1.3047 


1.1355 
1.2913 
1.4861 


1.1765 
1.4288 
1.8810 


1.2378 
1.6970 
3.0178 


L3428 
2.3934 
8.2079 


1.6330 
6.8044 
76.9740 


A=OJ0O; &di=l.«>; &dt-l.«00; (?()j-1.4320; fed .,...-1.4307 


First 

Seeond. 

Third 


1.0014 
1.0022 
1.0024 


1.0069 
1.0093 
1.0102 


1.0138 
1.0221 
L0347 


1.0280 
1.0430 
1.0491 


1.0342 
L0677 
1.0672 


1.0442 
1.0763 
1.0913 


1.9664 
1.1004 
1.1244 


i.on4 

L1321 
1.1718 


1.0903 
1.1766 
1.2442 


1.1144 
1.2374 
L3S43 


1.1462 
1.3320 
L5898 


1.1905 
1.4914 
2.0923 


L2567 
1.8054 
3.5591 


1.3697 
2.6235 
ia3480 


L6293 
6.6672 
99.8730 
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TABLE IV.— KATIO OF MINIMUM VELOCITIES FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS 



Ml 

Approii-^^ 
matlon 


qmlmJqmUf 


0.10 


azo 


0.30 


0.40 


0.45 


0.60 


0.65 


0.60 


0.65 


0.70 


a 76 


aso 


0.86 


0.60 


0.05 






FIrat _ 

TbW 


a9993 
.9998 
.9998 


a 9991 
.9^ 


aogso 

.9981 
.9981 


0.9962 
.9965 
.0965 


0.99SO 
.9054 
.9051 


a9938 
.0041 
.9940 


0.9918 
.9026 
.9024 


0.9S9e 
.9904 
.0001 


0.9368 
.0882 
.9881 


0.9S32 
.9352 
.9860 


a 9787 
.9816 
.0813 


0.9722 
.9768 
.0750 


a 0626 
.9709 
.0683 


a 0401 
.6061 
.9535 


0.9082 
.0811 
.0161 


»=0.016; (7()i=0.W; (sdt-OMCO; (ff()>-0.9«9; tof),..ii-0.9«)9 


First 

Second.. 

Third 


0.9997 
.9997 
.9997 


0.9987 
.9983 
.9988 


0.9969 
.9972 
.9972 


a99t2 

.ma 

.9948 


a992( 
.9932 
.9932 


0.9901 
.9013 
.9912 


0.9S74 
.0900 
.9889 


0.9840 
.9860 
.9868 


a0798 
.9820 
.9826 


0.9745 
.97SS 
.0780 


0.0673 
.0730 
.0728 


a 9575 
.0680 
.0660 


0.0427 
.0810 
.9629 


0. 9174 
.0606 
.9314 


0.8604 
1.0338 
.6561 




4=0.020; (4()i=0.92; (gd>-0Ml6; (7()i-0.92I7; (»()»..i-0.9217 




First. 


0.9996 
.9906 
.9906 


0.9983 
.9984 
.9984 


0.0058 
.0904 
.9963 


0.0921 
.9932 
.0031 


a9S96 
.9911 
.9910 


a0866 
.0187 
.0885 


0.0S28 
.0857 
.0854 


a9783 
.9818 
.9813 


0.9725 
.9781 
.9772 


0.9662 
.9731 
.9716 


0.0665 
.9674 

.9043 


0.0120 
.9813 
.9638 


a 9319 
.0508 
.9350 


0.8876 
.9667 
.8708 


0.8085 


Second— 

Third 




lf=OJm; (901-0.90; (9<)t-0.602S; («<)i°0.902S; (70u«(-0.9026 




First. 


0.99M 
.9996 
.9995 


a9977 
.9981 
.9981 


a 9916 
.9956 
.9065 


a9899 
.9917 
.9016 


0.9887 
.9892 
.9889 


0.0328 
.9383 
.9868 


aoTSi 

.9827 
.9821 


0.9722 
.9779 
.9769 


0.9849 
.9738 
.9721 


0.9655 
.9882 
.0651 


0.9431 
.9622 
.9550 


0.9269 
.0667 
.9418 


0.9002 
.9669 
.9128 


0.8663 
.0837 
.7914 


0.7663 


Second 

Third- 




A=0X30; (qi)i-0£8; (sdfOJeSM; iQiH-0£S3S; (j()o..i=0.8S38 




First 


0.9993 
.9001 
.0001 


0.9972 
.9077 
.0077 


a9034 
.9047 
.0046 


0.0876 
.0902 
.9000 


a9837 
.9873 
.9889 


0.0780 
.0830 
.0833 


a 9/31 
.9799 
.9789 


a9659 
.0743 
.0725 


0.9569 
.9700 
.9670 


aM64 
.9612 
.9687 


0.0302 
.9683 
.9472 


0.0O9I 
.9544 
.9282 


0.8775 
.9595 
.8830 


aS236 
1.0060 
.0721 


0. 6097 


Third 




ft-0.038; (;<)|i-0.88; (j<)i-0.8849; (jdi^csesi; (j,) ,.,,,=0.8652 




First. 


0.9993 
.9994 
.9991 


0.0966 
.9974 
.9073 


0.9921 

Iggss 


0.9862 
.9889 
.9685 


a9S05 
.9^ 
.9849 


0.0748 
.0818 
.0807 


a9679 
.9773 
.0757 


0.9693 
.0700 
.0681 


0.9486 
.9668 
.0620 


0.9348 
.9610 
.0521 


0. 9167 
.9559 
.0377 


0.8915 
.9545 
.0131 


0.8538 
.9680 
.8439 


0.7893 
1.0483 
.5008 


0.0416 


Third 




i-OiMO; (f()i=0.84; (sdt-OJmt; (»i)i=0.84«9; («d«..i-0.8«9 






First 


0.9990 
.9003 
.0003 


aooei 

.9971 
.9070 


0.9908 
.0033 
.0930 


0.0827 
.9876 
.9870 


a9772 
.9840 
.9830 


a07O6 
.0798 
.9783 


a0624 
.0751 
.0728 


a 0624 
.9879 
.9837 


0.0308 
.0643 
.9660 


0.9238 
.9687 
.9151 


0.9025 
.9549 
.9273 


a8730 
.0573 
.8928 


0.8289 
.9816 
.7922 


0.7636 
1.0604 
.2045 


0.6806 


Third 








First. 


0.9989 
.9993 
.9903 


0.9955 
.9968 
.9967 


0.9894 

'e^ 


a9S00 
.98M 
.0856 


0.9737 
.0828 
.0811 


a9680 
.9781 
.9768 


a9567 
.0731 
.0695 


0.9451 
.9653 
.0502 


a9307 
.9633 
.9518 


0.9131 
.9574 
.0377 


a 8876 
.0556 
.0161 


a85S7 
.9629 
.8688 


0.8028 
1.0006 
.7251 


0.7169 


0. 6106 


Third 






A-0.060; (?0i-0.S0; (fi>i-0.8100; fti)j-0.8110; {ji)o..i=0.81(» 


FIrst_ 

Second 


0.9987 
.9991 
.0991 


a9948 
.0966 
.9963 


0.9879 
.9920 
.9914 


a9772 
.9854 
.0841 


a 9701 
.9813 
.9793 


0.9613 
.9766 
.9734 


0.8607 
.9716 
.9684 


a 9376 
.9631 
.05*5 


0.9210 
.9610 
.9461 


aseeo 

.9573 
.9306 


0.8720 
.9580 
.9016 


a8333 
.9716 
.8395 


0.7751 
1.0263 
.6392 


0.0766 


0.4404 


Third 






i-OJWO; fedi-O.TB; (5i)i=0.77«; (jOj-O.TTBl ; (gd „..i-0.77«9 


First. 


0.9984 
.0990 
.0089 


0.9935 
.0960 
.9057 


aos4S 

.9000 
.9900 


a9n2 

.0836 
.0813 


0Le622 
.0792 
.9756 


0.0512 
.0744 
.9688 


0.0377 
.9693 
.9601 


0.9211 
.0645 
.9491 


agao2 

.0608 
.0339 


a8738 
.9604 
.0106 


0.8381 

.9684 
.8668 


0.7896 
.9984 
.7600 


a 7163 
1.0937 
.3964 


a 6913 


0.3046 


Third 






ft=Oi)TO; (j()i-0.72; (f()j-0.7396; (7()j-0.7423; (9()u..>-0.7419 


First 

Second.. 


0.9980 
.9989 
.9988 


0.9920 
.9966 
.9051 


a 9812 

.9901 
.9885 


a9648 
.0824 
.9788 


ae534 

.9779 
.9719 


a0393 
.9732 
.9637 


a9232 
.9687 
.9634 


a9028 
.9653 
.9396 


a8772 
.9811 
.9196 


a8443 
.9689 
.8859 


a 8010 

.9873 
.8181 


0.7407 
1.0397 
.6438 


0.6607 
1.1903 
.0322 


a 4067 


0.1436 


Third 






A-0.OSO; (ffOi-O.eS; (50i=0.70S6; (gdt-O.Tm; (?()u..i-0.7090 




First. 


a9976 
.9988 
.9988 


a9903 
.9963 
.9945 


a9773 
.9895 

.osn 


a 9571 
.9818 
.9768 


0.6436 
.0776 
.0681 


a9272 
.9734 
.0686 


a9071 

.9700 
.9459 


0.8824 
.9686 
.9285 


a 8513 
.9713 
.9016 


0.8116 
.9833 
.8537 


a 7591 
1.0168 
.7516 


0.6383 
1.0976 
.4790 


0.6773 


a 3910 


0.0386 


Third 










k-OJOaCK (qdt—OM; (qdt^O.SnU; M>-0.67S2; (}i)u«<-0.S771 


First. 

Second.. 


a9972 
.9988 
.9085 


.09884 
.9961 
.9939 


a9728 
.0893 
.9857 


0.0488 
.0810 
.0730 


a9326 
.9782 
.9642 


0.9130 
.0750 
.0628 


a8S90 
.0733 
.0375 


a8594 
.9740 
.0162 


0.8223 
.0831 
.8700 


a 7748 
1.0046 
.8113 


0.7131 
1.0552 
.6611 


a6260 
1.1742 
.2620 


0.4047 


0.3720 


a23S9 


Third 








AolJXW; (Jdi-O.eo; (adi-OMOO: (;i)ixO.e4S0; («i)«>..i-0.6162 


First. 

Second 


0.0966 
.90SS 
.0084 


a0863 
.0051 
.9033 


0.9678 
.9895 
.0843 


0.0303 
.0829 
.0700 


0.0202 
.0800 
.0590 


0.8960 
.0783 
.0464 


0.8684 
.9791 
.9276 


a8333 
.9848 
.8990 


0.7894 
1.0000 
.8604 


0.7331 
1.0338 
.7569 


0.6688 

i.ion 

.6407 


0.5656 


a 4011 


0. 1373 


0.4084 


Third 
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TABLE v.— VALUES OF FLUID VELOCITY AS A FUNCTION OF STREAM MACH NUMBER FOR VARIOUS CONSTANT VALUES 

OF LOCAL MACH NUMBER 





9 


Ml \^ 


0.10 


0.20 


aso 


a40 


0.60 


aeo 


0.70 


0.80 


a90 


1.00 o?„) 


1.06 


1.10 


1.16 


1.20 


OD 

(vacmiin) 


a 10 


1.00000 


1.99393 


Z 97636 


3.94146 


4.88443 


6.80079 


6.68702 


7.63997 


8.36744 


9.13783 


9.51380 


9.83020 


10.23699 


la 68418 


22.38303 




■ Goira 


I.OOCOO 


1.49263 


1.97662 


2.44961 


Z90907 


3.3S361 


3.78126 


4.19121 


4.68268 


4.77112 


4.95487 


6.13380 


6.30791 


11.22197 


.30 


.33£S8 


.66994 


1.00000 


1.32426 


1.64109 


1.94897 


zai«73 


2.63331 


2.80797 


3.07017 


3.19649 


3.31969 


3.43947 


3.66812 


7.62034 


AO 


.26371 


.60691 


.76614 


1.00000 


1.23926 


1.47176 


1.69660 


1.91300 


2.12041 


2.31840 


2.41379 


2.60676 


2.6972S 


Z6S636 


6,67891 


.CO 


.20474 


.40324 


.60936 


.80696 


1.00000 


1.18762 


1.36906 


1.64369 


i.nioe 


1.87083 


1.94780 


2.02282 


2.09536 


2.16694 


4.68263 


.ao 


.17230 


.34374 


. 61310 


.67947 


.84203 


1.00000 


1.16277 


1.29982 


1.44074 


1.67627 


1.64009 


1. 70325 


1.78476 


1.82461 


3.86861 


.70 


.149S3 


.29310 


.44610 


.68942 


.73044 


.86747 


1.00000 


1.12766 


1.34931 


1. 36661 


1.42273 


1.47763 


1.63088 


1.68280 


3,34726 


.80 


.13283 


.264)6 


.39474 


.62274 


.64780 


.76934 


.88688 


1.00000 


1.10S42 


1.21192 


1.26178 


1.31038 


1.36769 


1.40374 


2.96369 


.00 


.11967 


■.23368 


.36613 


.47161 


.68444 


.69409 


.80013 


.90219 


1.00000 


1.00338 


1.13836 


1.18220 


1.22490 


1.26644 


2.67822 


1.00 


.10946 


.21822 


.32671 


.43134 


.63463 


.63481 


.73179 


.82614 


.91460 


1.00000 


1.04114 


1.08121 


1.12028 


1. 16328 


Z 44949 


l.Ofi 


.10612 


.20969 


.31284 


.41428 


.61340 


.60972 


.70787 


.79263 


.87846 


.96048 


l.OCOOO 


L03351 


1.07602 


1.11251 


2.36269 


1.10 


. 10119 


.20182 


.30126 


.39892 


.49437 


.68711 


.67681 


.76314 


.84688 


.92186 


.96292 


1. 00000 


1.03611 


1.07125 


2.28646 


l.li 


.09767 


.19478 


.29074 


.38602 


.47n4 


.66666 


.66322 


.73664 


.81639 


.89262 


.92935 


.96616 


1.00000 


1,03391 


2.18600 


1.20 


.00460 


.18839 


.28121 


.37238 


.46149 


.64806 


.63179 


.71238 


.78961 


.86336 


.89887 


.93348 


.96720 


1.00000 


2.U478 



TABLE VI,— VALUES OF CRITICAL STREAM MACH NUMBER FOR VARIOUS VALUES OF CAMBER COEFFICIENT 



h 




Approximation 


First 


Second 


Third 


a02 


0.848 




a832 




a826 


.04 


.770 




.746 




.738 


.06 


.716 




.682 




.672 


.08 


.670 




.628 




.620 


.10 


.626 




.686 




.574 



TABLE VII.— VALUES OF MAXIMUM VELOCITY FOR CORRESPONDING BUMP AND CIRCULAR ARC PROFILE 



M 




Oamber coefficient, h 


Thickness coefficient, ( 


0,02 


ao4 


a06 


ao8 


0,10 


a052 


a 100 


a 146 


ai88 


a226 


0 

.2 
.3 
.4 
.6 
.6 
.7 
.8 
.9 


1.0816 
1,0834 
1.0869 
1.0899 
1.0960 
1.1066 
1.1223 
1.1694 
1.20S6 


1.1669 
1.1701 
1.1769 
1.1861 
1.1997 
1.2239 
1.2706 
1.3979 


1.2527 
1.2597 
1.2695 
1.2865 
1.3116 
1.3572 
1.4630 


1-3415 
1.3620 
1.3668 
1.3913 
1.4324 
1.50;8 
1.6780 


1.4320 
L4466 
1.4673 
1,6024 
L6627 
1.6780 


1,0816 
L0334 
1.0859 
1.0900 
1.0969 
1.I053 
1.1213 
1.1567 
1.1960 


1.1660 
1.1701 
1.1767 
1.1847 
1.1988 
1.2217 
1.2640 
1.3701 


1.2S27 
1.2696 
1.2889 
1.2840 
1.3084 
1,3492 
1.42SS 


1.3414 
1.3513 
1,3851 
1,3876 
1,4245 
1.4879 
1.6197 


1,4320 
1,4464 
1,4641 
1,4950 
1,6467 
1.6373 



































TABLE VIII.— VALUES OF THE COEFFICIENTS a,, at, a,, on, AND a, OBTAINED FROM EQUATION (25) 







D 


am 


O>(0) 


ai 


a> 


at 


ai 


Si 


0 


1.00000 


0 


8.00000 


-4.00000 


4.00000 


0 


-4,00000 


-8.00000 


0 


.1 


.0D4B0 


.01010 


8L 09648 


-4.03077 


4.02016 


.01064 


—4.08129 


-7.00776 


-.24568 


.3 


.97080 


.04167 


8.42740 


-4.13338 


4.03248 


.17036 


—4. 34170 


-7.62224 


-1.06991 


.3 


.05391 


.00890 


9.14836 


—4.34613 


4.10312 


.41907 


-4.83314 


-8.56134 


-2.73342 


.4 


.01652 


.19048 


10.67678 


—4.77006 


4.36432 


.84900 


-t 69800 


-4.18200 


-a 03824 


.45 


.89303 


.26392 


I2.017S2 


-6l 13375 


4.47912 


1. 17042 


-8.34085 


-1,83776 


-8.86482 


.60 


.86603 


.33333 


14.17991 


68239 


4.61876 


1,60000 


-7.20000 


2.02300 


-13.12718 


.65 


.83616 


.43389 


17.63626 


-6.64690 


4.78952 


2.18617 


-3.37234 


a 69176 


-1134720 


.60 


.80000 


.66260 


23.63306 


-7.97811 


6.00000 


3.00938 


-la 01876 


2a 30732 


-31,02488 


.66 


.76993 


.73160 


34.27894 


-la 61506 


6.26364 


4.21097 


-12.42194 


42.46800 


—6a 90768 


.70 


.71414 


,96078 


66.69139 


-16.40362 


6.60U6 


a06S66 


-la iini 


87.93703 


-8139792 


.76 


.66144 


1,28671 


102.96868 


-25.03794 


6.O4740 


a 11016 


-22.22032 


192.27640 


-172.73056 


.80 


.60000 


1,77778 


228.68292 


-62. 61419 


6.66667 


14.69630 


-33.39280 


473.2848 


-383.84688 


.86 


.62678 


2.60360 


64a 44964 


-137.91532 


7.60332 


26.68338 


-67.36672 


1443.289 


-1051. 6217 


.90 


.43639 


4.26316 


277a 26502 


-668.79732 


9.17664 


8a6n6i 


-126.34302 


662a 288 


-442a 698 


.06 


.31226 


9.26641 


3338a 62469 


-623a 9282 


12.81024 


242.66034 


-489.32067 


8364a 06 
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TABLE IX.— VELOCITY DISTRIBUTION AT TJPPEE AND LOWER SURFACES OF CIRCULAR ARC PROFILE, A=0.05 





1 




Upper snifaoe 


Lower surface 


\ 


















\ M, 


















\ 


0 


OJ 


0.S 


0.7 


0 


0.3 




0.7 


1 


a9000 


0.0390 


0.9860 


a 0749 


0.9900 


0.9890 


a9860 


a 9749 


.95 


l.OMl 


1.0866 


1.0604 


1.0638 


.0298 


.9260 


.9187 


.9016 


.00 


I.OSOS 


1.0342 


1.0920 


l.lOSl 


.9071 


.9029 


.8937 


.8742 


.80 


1.1166 


1.1226 


1.1381 


1.1680 


.8778 


.8727 


.8818 


.8397 


.70 


1.1423 


l.lfia2 


1. 1683 


1.2161 


.8SS1 


.sm 


.8404 


.8168 


.60 


1.1620 


1.1714 


1.19Jt 


1.2iS3 


.8436 


.8376 


.8247 


.7976 


.EO 


1.1773 


I.ISSO 


1.2132 


1.2874 


.8327 


.8262 


.8128 


.7832 


.40 


1. 1893 


1.2008 


1.2287 


1.3130 


.8244 


.8178 


.8038 


.7721 


.30 


1.19S0 


1.2104 


1.2403 


1.3327 


.8184 


.8116 


.7972 


.7637 


.20 


1.2012 


L2171 


1.24S4 


1.S466 


.8142 


.8073 


.7927 


.7679 


.10 


1.2078 


1.2210 


1.2S32 


1.3549 


.8118 


.8019 


.7900 


.7644 


0 


1.2090 


1.2223 


1.2S18 


1.3677 


.8110 


.8040 


.7892 


.7632 



TABLE X.— CONVERSION FROM FLUID VELOCITY q TO PRESSURE COEFFICIENT Cp, m, FOR VARIOUS VALUES OF STREAM 

MACH NUMBER Mx 









































'\ 


0 


0.1 


a2 


0.3 


a4 


a 46 


a6o 


0,65 


aeo 


a65 


0.70 


0.75 


0.80 


0.85 


0.90 


0. Of. 


0.26 


0.9378 


0.93971 


0.94632 


0.98743 


0.97319 


0.98236 


0.99373 


1,00587 


1.01629 


1.03406 


1.05017 


1,06770 


1.0S669 


1.10719 


1.12038 


1.1C303 


.30 


.9100 


.91200 


.91838 


.92879 


.94361 


.96270 


.96294 


.97436 


.98699 


1.00088 


1.01601 


1,03240 


1.08032 


1.06067 


1.09027 


1.11250 


.36 


.8776 


.87943 


.88526 


.89495 


.90873 


.91719 


.92680 


.93729 


.94901 


.96188 


.97692 


.09110 


1.00772 


1.02864 


1.04464 


1.00530 


.40 


.8400 


.84186 


.847W 


.85600 


.86881 


.87633 


.88803 


.89473 


.90844 


.91720 


.03003 


.94397 


.96004 


.97630 


.09277 


i.oiin 


.45 


.7976 


.79914 


.80386 


.81190 


.82327 


.83022 


.83805 


.84877 


.88840 


.86697 


.87848 


.89100 


,90452 


,91909 


.93474 


.06161 


.60 


.7600 


.75143 


.75564 


,76276 


.77278 


.77891 


.78682 


.79351 


.80200 


,81131 


.82148 


.83217 


.84437 


,86718 


.87093 


.88606 


.66 


.6976 


.69871 


.70239 


,70861 


.71718 


.72248 


.72844 


.73608 


.74239 


.75041 


.75916 


.76883 


.77886 


,78980 


.80106 


.81439 


.00 


.64 


.64100 


.64407 


,04927 


.65665 


.66100 


.66601 


.67167 


.67772 


.08444 


.69176 


.69961 


.70826 


.71744 


.72730 


.73783 


.06 


.6776 


.67829 


.68088 


,68603 


.69096 


.69469 


.69886 


.00317 


.60814 


.61360 


.01962 


.62694 


.63286 


,81028 


.(M823 


.66072 


.70 


.6100 


-61071 


.81281 


,61687 


.6a049 


.62330 


.82047 


.52997 


.53384 


.63807 


.64266 


.61763 


.66208 


.86873 


.60487 


.57142 


.74 


.4376 


.43800 


.43943 


.44183 


.44521 


.44728 


.44959 


.48217 


.45500 


.46810 


.48145 


.48609 


.46899 


.47318 


.47705 


.18211 


.SO 


.3600 


.36029 


.36129 


.36292 


.38521 


.38679 


.36817 


.36991 


,37181 


.37390 


.37610 


,37800 


.38122 


,38402 


.38701 


.30030 


.85 


.2776 


.27771 


.27825 


.27924 


.28060 


.28143 


.28234 


.28338 


,28450 


.28673 


.28706 


.28850 


.29004 


.29160 


.20348 


.20631 


.90 


.1900 


.19014 


.19038 


.19081 


.19146 


.19184 


.19227 


.19376 


.19327 


.19384 


.19446 


,19613 


.19886 


.10061 


.19742 


.19829 


.96 


.0975 


.09717 


.097161 


,09771 


.09788 


.09799 


,09809 


.09822 


.09836 


.09861 


.09867 


.00885 


.09903 


.09923 


.09914 


.099(17 


1.00 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1.05 


-.1025 


-. 10243 


-.10239 


-.10226 


-. 10208 


-. 10197 


-. 10186 


-.10170 


-.10156 


-.10139 


-.10122 


-.10103 


-.10083 


-. 10061 


-.10039 


-. 10015 


1.10 


-.2100 


-.30988 


-.209M 


-.20900 


-.20824 


-.20777 


-.20728 


-.WW 


-.20606 


-.20838 


-.20466 


-.20387 


-.20304 


-.20216 


-.20122 


-.20021 


1.16 


-.3223 


-.32229 


-.32146 


-.32016 


-.31836 


-,31726 


-.31605 


-.31471 


-.31326 


-.31166 


-.30996 


-,30813 


-.30620 


-.30416 


-..30193 


-.20971 


1.20 


-.4400 


-.43943 


-.43807 


-.43666 


-.43230 


-,43029 


-.42803 


-.42555 


-.42285 


-.41993 


-.41679 


-.41345 


-,40989 


-.40613 


-.40218 


-.30804 


1.25 


-.8026 


-.£6171 


-.55932 


-.55541 


-.64996 


-.54668 


-.54300 


-.63898 


-.53480 


-.82987 


-.62460 


-.6IW0 


-.61368 


-.60705 


-.60131 


-.40100 


1.30 


-.6900 


-.68871 


-.68526 


-.67935 


-.67117 


-.86823 


-.66076. 


-.55474 


-.64821 


-.64117 


-.63383 


-.62562 


-.61716 


-.00824 


-.69890 


-.68910 


1.36 


-.8225 


-.82086 


-.81676 


-.80740 


—.79679 


-.78882 


-.78109 


-.77260 


-,76340 


-.76350 


-.74293 


-.73171 


-,n98S 


-.70748 


-,69448 


-.08008 


1.40 


-.9600 


-.96767 


-.95082 


-.93944 


-.92370 


-,91425 


-.90378 


-.89231 


-.87990 


-.86666 


-,86238 


-.83730 


-.82146 


-.8W8S 


-,78700 


-.70008 


1.48 


-1.1026 


-1.09943 


-L09039 


-L 07613 


-1.06473 


—1,01233 


-1.02881 


—1.01302 


-.99740 


-.98002 


-.06163 


-.94200 


-.02160 


-.900OS 


-.87781 


-.86185 


1.80 


-1.2600 


-1.2*614 


-1.23446 


-L21624 


-1. 18876 


-1.17289 


-1.15637 


-1.13026 


-1.11663 


-1.09386 


-1,07014 


-1.01646 


-1.01059 


-.09208 


-.90480 


-.83008 


1.66 


-1.4025 


-1.39767 


-1.38293 


-L36S(9 


-1,32658 


-1.30573 


-1.28383 


-1.26991 


-1.23429 


-1.20688 


-1, 17781 


-1.14727 


-1.11638 


-1.08229 


-1.04811 


-1.01301 


1.60 


-1.6600 


-1.SE388 


-1.83682 


-1.60602 


-1.46507 


-1.44066 


-1.41377 


-1.3S4M 


-1.35310 


-1.31961 


-1.28423 


-1.2ln3 


-1.20851 


-1.10866 


-1.12746 


-1.08W2 


1,68 


-1.7225 


-1.71800 


—1.69304 


-1.65678 


—1.60708 


-1.67748 


-1.54496 


-1.60965 


-1.47177 


-1. 43149 


-1,38809 


-1.34460 


-1,29881 


-1.25116 


-1.20260 


-1.16208 


1.70 


-1.8900 


-l.SSlOO 


-L854M 


-1.81008 


-1.76140 


—1.71601 


-1.67717 


-1.63508 


-1.69001 


—1.64221 


-1,40199 


-1.43963 


-1.38646 


-1.32980 


-1.27301 


-1.31644 


1.76 


-2.0625 


-2.06186 


-2.02029 


-1.96SS6 


-1.SB791 


-1.SS604 


-1.81016 


-1.76067 


-1. 70761 


-1.65147 


— l.fi027D 


-1.63163 


-1.46867 


-1.40423 


-1.33876 


-1.27271 



